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Abstract

Many states enhanced benefits in teacher retirement plans during the 1990s. This
paper examines the school staffing effects of one such enhancement in a major urban
school district with mostly high poverty schools. Pension rule changes in 1999 for St.
Louis public school teachers resulted in large increases in pension wealth for active
teachers, as well as a powerful increase in “push” incentives for earlier retirement.
Simple descriptive statistics on retirement patterns before and after the enhancements
suggest much earlier retirement resulted. Shorter teaching spells imply a steady state
with more teaching vacancies and a larger share of novice teachers in classrooms. To
better understand the long run effects of these changes and alternatives policies, the
authors estimate a structural model of teacher retirement. Simulations of retirement
behavior for a representative senior teacher point to shorter completed teaching spells
and earlier retirement age as a result of the enhancements. By contrast, moving from
the post-1999 to a DC-type plan would extend the teaching career of a representative
senior teacher by roughly two years.
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Most public school teachers are covered by traditional, or more precisely, final average salary

defined-benefit (FAS-DB) pension plans that base a teacher’s retirement annuity on the

average of the highest (typically final) several years of earnings. These types of plans are

commonplace for state and local government employees, but DB plans of any sort have

largely disappeared in the private sector, in favor of defined contribution (DC) plans such

as 401k, IRA or 403b plans (Butrica, Iams, Smith, and Toder, 2009). The costs of teacher

pension plans have risen sharply over time and account for a growing share of per pupil

expenditures. In current dollars, employer teacher pension costs (excluding Social Security

and teacher contributions) amounted to $547 per student or 4.8 percent of current per student

expenditures in March, 2004. By June, 2020, these costs had risen to $1510 per student or

11.1 percent of per student expenditures .

The fiscal stress for schools and districts resulting from these rising pension costs has

been widely noted (e.g., Moody and Randazzo (2020)). There are a variety of factors that

have contributed to these rising costs, most notably a failure of state or local governments to

make actuarially necessary contributions and less than forecast returns on plan investments.

However, one often overlooked factor is the cost of pension enhancements that occurred

during the 1990s. In response to the stock market boom during the 1990’s, many pension

plans enhanced benefits, and educator pensions were among the most actively enhanced.

Between 1999 and 2001 alone, for example, the National Conference of State Legislators

reported that educator pensions were enhanced in more than half the states (Koedel, Ni,

and Podgursky, 2014). Teachers retiring from public schools today and for many years to

come are retiring under those more remunerative formulas.

Our focus in this paper is on one consequence of these rising costs – the effect on labor

supply of senior teachers. In particular, we examine the effect of a substantial pension
1http://www.uaedreform.org/downloads/2017/12/employer-contributions-per-pupil-12-20-17.pdf
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enhancement on teacher labor supply and school staffing in St. Louis, an urban district

that has difficulty attracting and retaining teachers. In 1999, the pension formula for St.

Louis teachers was changed substantially, with a large increase in the replacement rate

accompanied by a cap on total benefits as percentage of final salary. These major changes

in the pension rules provide an opportunity to study how pension rules influence teacher

retirement decisions and hence school staffing.

A well-known fact is that teachers retire earlier than other comparable professionals (Har-

ris and Adams, 2007). An emerging literature connects teacher retirement decisions to DB

plan incentives. Studies of senior teachers consistently show a high degree of responsiveness

in retirement timing to pension system incentives (Brown, 2013; Costrell and McGee, 2010;

Furgeson, Strauss, and Vogt, 2006; Knapp, Brown, Hosek, Mattock, and Asch, 2016; Ni and

Podgursky, 2016).

In general, pension enhancements, by lowering the price of leisure (retirement) relative

to work, tend to encourage more of the former. Given popular concern with shortages of

experienced teachers, especially in high need schools, the consequences of expensive HR

decisions that have the effect of reducing teacher labor supply deserve careful scrutiny.

In this paper we highlight the strong “push” and “pull” incentives in the St. Louis plan

and show descriptively how changes in pension wealth accrual are associated with changes

in retirement behavior in short panels pre- and post-panels. To explore the longer term

effects and investigate alternative policies, we estimate a structural model of retirement

behavior, with parameters describing underlying teacher preferences that are invariant to

pension rules. There are important advantages to estimating a structural model. First, it

allows us to isolate and unbundle the effects of more complex changes plan rules. Second, it

allows us to predict the effect of the rule changes in retirement beyond the sample period,

since it takes many years for the full effects of pension rule changes on teacher retirement

decisions to materialize. Finally, and perhaps most importantly, structural estimates allow
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us to examine the effect of alternative plans. In the context of St. Louis, it allows us to

explore the labor supply and fiscal effects of partial or total conversion from the current

FAS-DB to defined contribution (DC) alternatives.

In the next section we describe the operation of the St. Louis pension plan and the

manner in which pension wealth accrues over a teacher’s work life, with the ensuing “pull”

and “push” incentives. We show how the 1999 enhancements dramatically increased the

“push” incentives for retirement and report descriptive data for retirement age and experience

of teachers before and after the enhancements. We then specify and estimate our structural

retirement model. The model is found to exhibit good fit within and out-of-sample. Using

the structural model estimates we then simulate the long run effect of the enhancements on

a representative senior teacher. These simulations imply a significant reduction in the length

of teaching careers as a result of the enhancements. We then consider some DC alternatives,

including voluntary DC conversions. In a concluding section we argue that the research

methodology and findings for this particular urban district may be extended to other urban

school districts.

Teachers in Missouri are in three separate FAS-DB systems. Teachers in the St. Louis and

Kansas City districts are covered by Social Security and are in two separate district plans.

The rest of the public school teachers in the state are in the Public School Retirement System

(PSRS), and are not covered by the Social Security system. There is no reciprocity between

the St. Louis and other plans, meaning that the years of service in the formula below apply
2This is not the first study of the labor supply effects of the Saint Louis teacher pension enhancement.

(Koedel and Xiang, 2017) examine the teacher retention effects of the 1999 enhancements in a diff-in-diff
study before and after the enhancements occurred. They found no significant effects on retention for younger
teachers who were not retirement eligible. Retirement eligible teachers, aware of forthcoming enhancements,
postponed retirement until the enhancements were in place. Our focus is on how the enhancements affected
the timing of retirement, an issue not explored in their paper.
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only to service in the current plan and not to any prior teaching employment.

Table 1 summarizes the St. Louis plan rules before and after 1999. Benefits at retirement

are determined by a standard FAS-DB formula:

Annual Benefit = rf � S � FAS

where rf stands for replacement factor. S denotes years of teaching experience in the system.

FAS is the average of the highest consecutive three years of salary, which are typically the

three years prior to retirement. There is also a provision for early retirement at age 60 with

a reduced annuity for teachers who do not qualify for regular retirement. St. Louis teachers

become eligible for a regular pension when they reach age 65 with at least five years of service

or when the sum of their years of service and age equals at least 85 (known as “Rule of 85”).

During the 1990’s there were some small pension rule changes. However, the big change

occurred in 1999. Prior to 1999, the annual replacement factor was 1.25 percent. After

1999, the replacement factor increased to 2 percent retroactively. For example, before 1999,

a retired teacher with 30 years teaching experience and a final average salary of $50,000

received an $18,750 annuity (:0125 � 30 � $50; 000). After 1999, this same teacher would

receive an annual annuity of $30,000 (:02 � 30 � $50; 0000). This is a very large enhancement

awarded to all active teachers, including those who were about to retire.

While the replacement rate increased sharply, the new benefit was capped at 60 percent

of final average salary. Thus a teacher with 31 or more years teaching experience can still

only receive 60 percent of her final average salary, in spite of the fact that she continues to

contribute five percent of salary to the plan. Table 1 summarizes the pension rules before
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and after enhancement.

(Table 1)

One way to assess the retirement incentives arising from these pension plan rules is

to compute pension wealth at different points in a teacher’s work life. Pension wealth is

calculated as the expected present value of pension benefits at retirement age r as follows:

PW (r) =
X
s� r

(1 + b)r � s�( sjr) P ( sjr );

where b > 0 is the annual discount rate, �( sjr) is the conditional probability of survival given

by age-dependent mortality rates, and P ( sjr ) is the pension benefit if the teacher retires

at age r. Pension wealth captures the market value of obtaining this stream of annuity

payments over time.

Following Costrell and Podgursky (2009) and others, pension wealth accumulation can

be calculated as follows:

pw(r) =
PW (r) � (1 + inf ) � PW (r � 1)

Salary(r)
;

where PW (r) is pension wealth if retiring at age r, inf is inflation rate, Salary(r) is salary

at age r.

Figure 1 plots total pension wealth before and after pension enhancement for a repre-

sentative teacher in St. Louis who enters the system at age 25 and works continuously

until separation. Figure 2 plots annual pension wealth accrual before and after pension
3There were some subsequent rule changes regarding pension COLAs. Before 2000, “COLA adjustments

were equal to any increase of 1% or greater in the CPI, subject to an annual maximum of 3% and a cumulative
maximum increase of 10%”. Effective July 1, 2000, retired members received a catch-up COLA at least 65%
of CPI. After 2002, COLAs are paid to retired members when such COLAs are approved by both the Board
of Education and the Board of Trustees.
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(F igures 1�@2)

�6�B�;�m�`�2�b �R ���M�/ �k ���`�2 �+�Q�M�b�B�b�i�2�M�i �r�B�i�? �i�?�2 �T�`�B�Q�` �H�B�i�2�`���i�m�`�2 ���M���H�v�x�B�M�; �i�?�2 �ó�T�m�H�H�ô ���M�/ �ó�T�m�b�?�ô

�B�M�+�2�M�i�B�p�2�b �B�K�T�H�B�2�/ �#�v �/�B�z�2�`�2�M�i �T�2�M�b�B�Q�M �`�m�H�2�b�- �2�X�;�X�- �*�Q�b�i�`�2�H�H ���M�/ �S�Q�/�;�m�`�b�F�v �U�k�y�y�N�V�X �h�?�2 �b�i�2�2�T�H�v

�`�B�b�B�M�; ���+�+�`�m���H �m�T �i�Q �T�2���F �p���H�m�2 �i�2�M�/�b �i�Q �H�Q�+�F �B�M �i�2���+�?�2�`�b�- �r�?�B�H�2 �i�?�2 �/�2�+�H�B�M�2 �B�M �T�2�M�b�B�Q�M �r�2���H�i�?

�T���b�i �i�?�2 �T�2���F �i�2�M�/�b �i�Q �T�m�b�? �i�2���+�?�2�`�b �B�M �i�Q �`�2�i�B�`�2�K�2�M�i�X �q�?���i �B�b �M�Q�i���#�H�2 �B�M �#�Q�i�? �}�;�m�`�2�b �B�b �?�Q�r

�K�m�+�? �K�Q�`�2 �T�Q�r�2�`�7�m�H �i�?�2 �ó�T�m�b�?�ô �B�M�+�2�M�i�B�p�2�b �#�2�+���K�2 ���7�i�2�` �R�N�N�N�X �h�?�B�b �B�b �� �/�B�`�2�+�i �`�2�b�m�H�i �Q�7 �i�?�2

�e�y �T�2�`�+�2�M�i �Q�7 �6���a �b���H���`�v �+���T�X �S�2�M�b�B�Q�M �r�2���H�i�? ���+�+�`�m�2�/ �7���b�i�2�` �#�2�+���m�b�2 �Q�7 �i�?�2 �b�?���`�T �B�M�+�`�2���b�2

�B�M �i�?�2 �7�Q�`�K�m�H�� �7���+�i�Q�` �7�`�Q�K �R�X�k�8 �T�2�`�+�2�M�i �i�Q �k�X�y �T�2�`�+�2�M�i�- ���M�/ �i�?�2�M �/�2�+�H�B�M�2�b �b�?���`�T�H�v �#�2�+���m�b�2 �Q�7

�i�?�2 �e�y �T�2�`�+�2�M�i �+���T�X �h�?�2 �`�2�b�m�H�i �B�b �K�m�+�? �K�Q�`�2 �T�Q�r�2�`�7�m�H �B�M�+�2�M�i�B�p�2�b �T�m�b�?�B�M�; �Q�m�` �`�2�T�`�2�b�2�M�i���i�B�p�2

�i�2���+�?�2�` �B�M�i�Q �`�2�i�B�`�2�K�2�M�i ���`�Q�m�M�/ ���;�2 �8�8�X

�j �_�2�i�B�`�2�K�2�M�i �"�2�?���p�B�Q�` �"�2�7�Q�`�2 ���M�/ ���7�i�2�`

�S�2�M�b�B�Q�M �1�M�?���M�+�2�K�2�M�i�b

�A�M �i�?�B�b �b�2�+�i�B�Q�M �r�2 �2�t���K�B�M�2 �2�K�T�B�`�B�+���H �`�2�i�B�`�2�K�2�M�i �#�2�?���p�B�Q�` �#�2�7�Q�`�2 ���M�/ ���7�i�2�` �i�?�2 �R�N�N�N �T�2�M�b�B�Q�M

�2�M�?���M�+�2�K�2�M�i�b�X �q�2 �m�b�2 ���/�K�B�M�B�b�i�`���i�B�p�2 �/���i�� �7�Q�` �a�i�X �G�Q�m�B�b �T�m�#�H�B�+ �b�+�?�Q�Q�H �i�2���+�?�2�`�b ���M�/ �i�`���+�F

�i�r�Q �+�Q�?�Q�`�i�b �Q�7 �i�2���+�?�2�`�b ���;�2�/ �8�y�@�e�k ���i �i�?�2 �#�2�;�B�M�M�B�M�; �Q�7 �i�?�2 �T�2�`�B�Q�/ �7�Q�`�r���`�/ �7�Q�` �}�p�2 �v�2���`�b�X

�h�?�2 �T�`�2�@�2�M�?���M�+�2�K�2�M�i �+�Q�?�Q�`�i �#�2�;�B�M�b �B�M �6���H�H�- �R�N�N�k ���M�/ �B�b �7�Q�H�H�Q�r�2�/ �i�Q �6���H�H�- �R�N�N�e�- �r�2�H�H �#�2�7�Q�`�2

�2�M���+�i�K�2�M�i �Q�` �/�B�b�+�m�b�b�B�Q�M �Q�7 �i�?�2 �R�N�N�N �+�?���M�;�2�b�X �h�?�2 �T�Q�b�i�@�2�M�?���M�+�2�K�2�M�i �+�Q�?�Q�`�i �#�2�;�B�M�b �B�M �6���H�H�-

�k�y�y�3 ���M�/ �B�b �i�`���+�F�2�/ �i�Q �6���H�H �k�y�R�k�X ���;���B�M�- �i�?�B�b �B�b �r�2�H�H �#�2�v�Q�M�/ �i�?�2 �B�M�B�i�B���H �B�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 �i�?�2

�2�M�?���M�+�2�K�2�M�i�X �q�2 �?���p�2 �� �+�Q�?�Q�`�i �Q�7 �e�N�e �7�2�K���H�2 ���M�/ �R�3�9 �K���H�2 �i�2���+�?�2�`�b �B�M �i�?�2 �R�N�N�j �+�Q�?�Q�`�i�X �"�v

�i�?�2 �2�M�/ �Q�7 �i�?�2 �T���M�2�H �R�3�e �7�2�K���H�2�b �U�k�d�W�V ���M�/ �e�N �K���H�2�b �U�j�3�W�V �?���/ �`�2�i�B�`�2�/�X �h�?�2 �k�y�y�N �+�Q�?�Q�`�i

�?���/ �e�N�k �7�2�K���H�2 �i�2���+�?�2�`�b ���M�/ �R�N�3 �K���H�2 �i�2���+�?�2�`�b �Q�7 �r�?�Q�K �j�N�e �7�2�K���H�2 �i�2���+�?�2�`�b �U�8�d�W�V ���M�/ �R�R�e

�K���H�2 �i�2���+�?�2�`�b �U�8�N�W�V �?���/ �`�2�i�B�`�2�/ �#�v �i�?�2 �2�M�/ �Q�7 �i�?�2 �T���M�2�H�X �h���#�H�2 �k �`�2�T�Q�`�i�b �#���b�B�+ �/�2�b�+�`�B�T�i�B�p�2

�e



�b�i���i�B�b�i�B�+�b �7�Q�` �i�?�2 �i�r�Q �+�Q�?�Q�`�i�b�X

(Table2)
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���i �i�?�2 �#�2�;�B�M�M�B�M�; �Q�7 �i�?�2 �T�Q�b�i�@�2�M�?���M�+�2�K�2�M�i �b���K�T�H�2 �i�?�2 �7�2�K���H�2 �i�2���+�?�2�`�b ���`�2 ���#�Q�m�i �k�X�3 �v�2���`�b

�H�2�b�b �2�t�T�2�`�B�2�M�+�2�/ �i�?���M �i�?�2�B�` �b���K�2 ���;�2�@�;�`�Q�m�T �+�Q�m�M�i�2�`�T���`�i �B�M �R�N�N�j�- ���M�/ �K���H�2 �i�2���+�?�2�`�b �B�M �k�y�y�N

���`�2 ���#�Q�m�i �9�X�3 �v�2���`�b �H�2�b�b �2�t�T�2�`�B�2�M�+�2�/�X �h�?�B�b �b�m�#�b�i���M�i�B���H �/�B�z�2�`�2�M�+�2 �B�M �2�t�T�2�`�B�2�M�+�2 �b�m�;�;�2�b�i�b �B�M �i�?�2

�T�Q�b�i�@�2�M�?���M�+�2�K�2�M�i �b���K�T�H�2 �i�2���+�?�2�`�b �Q�H�/�2�` �i�?���M �8�y �i�2�M�/�2�/ �i�Q �`�2�i�B�`�2 �2���`�H�B�2�` �U�r�B�i�? �H�2�b�b �2�t�T�2�`�B�@

�2�M�+�2�V �/�m�2 �i�Q �i�?�2 �+�?���M�;�2 �B�M �T�2�M�b�B�Q�M �B�M�+�2�M�i�B�p�2�b�X �h�?�2�`�2 ���`�2 �i�r�Q �B�K�T�H�B�+���i�B�Q�M�b �Q�7 �i�?�B�b �Q�#�b�2�`�p���i�B�Q�M�X

�6�B�`�b�i�- �+�Q�M�/�B�i�B�Q�M���H �Q�M ���;�2�- �Q�M�2 �r�Q�m�H�/ �2�t�T�2�+�i �H�2�b�b �2�t�T�2�`�B�2�M�+�2�/ �b�2�M�B�Q�` �i�2���+�?�2�`�b �`�2�i�B�`�2 �H���i�2�`�- �?�2�M�+�2

�i�?�2 �2���`�H�B�2�` �`�2�i�B�`�2�K�2�M�i �#�v �i�?�2 �T�Q�b�i�@�2�M�?���M�+�2�K�2�M�i �+�Q�?�Q�`�i �b�?�Q�r�M �B�M �6�B�;�m�`�2�b �9 ���M�/ �8 �B�b �2�p�2�M �K�Q�`�2

�b�i�`�B�F�B�M�;�X �a�2�+�Q�M�/�- �b�Q�K�2 �i�2���+�?�2�`�b �Q�7 ���;�2 �8�y�@�e�k ���`�2 �`�2�i�B�`�2�K�2�M�i�@�2�H�B�;�B�#�H�2 �T�`�B�Q�` �i�Q �i�?�2 �#�2�;�B�M�M�B�M�;

�d



�Q�7 �i�?�2 �b���K�T�H�2 �T�2�`�B�Q�/�X �h�?�2�B�` �/�2�+�B�b�B�Q�M �i�Q �b�i���v �Q�M �i�?�2 �D�Q�# �`�2�~�2�+�i�b �T�`�2�7�2�`�2�M�+�2�b �m�M�Q�#�b�2�`�p�2�/ �i�Q

�i�?�2 �`�2�b�2���`�+�?�2�`�b�X �h�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M�b �Q�7 �i�?�2�b�2 �T�`�2�7�2�`�2�M�+�2�b ���`�2 �H�B�F�2�H�v �/�B�z�2�` ���i �i�?�2 �#�2�;�B�M�M�B�M�; �Q�7

�i�?�2 �T�`�2�@ ���M�/ �T�Q�b�i�@�2�M�?���M�+�2�K�2�M�i �T�2�`�B�Q�/�b �#�2�+���m�b�2 �i�?�2 �T�2�M�b�B�Q�M �`�m�H�2�b �i�?�2�K�b�2�H�p�2�b �?���p�2 �`�2�b�?���T�2�/

�i�?�2 �T�Q�Q�H �Q�7 �b�2�M�B�Q�` �i�2���+�?�2�`�b�X �h�?�B�b �B�H�H�m�b�i�`���i�2�b �r�?�v �B�i �B�b �B�K�T�Q�`�i���M�i �i�Q �i���F�2 ���+�+�Q�m�M�i �Q�7 �#���b�2�H�B�M�2

�b���K�T�H�2 �b�2�H�2�+�i�B�Q�M �B�M �2�b�i�B�K���i�B�M�; �� �b�i���i�B�b�i�B�+���H �`�2�i�B�`�2�K�2�M�i �K�Q�/�2�H�X �q�2 �r�B�H�H �i���F�2 �m�T �i�?�B�b �B�b�b�m�2 �Q�7

�#���b�2�H�B�M�2 �b���K�T�H�2 �b�2�H�2�+�i�B�Q�M �r�?�2�M �r�2 �/�B�b�+�m�b�b �b�i�`�m�+�i�m�`���H �K�Q�/�2�H �2�b�i�B�K���i�B�Q�M �B�M �i�?�2 �M�2�t�i �b�2�+�i�B�Q�M�X

�"�2�7�Q�`�2 �i�m�`�M�B�M�; �K�Q�/�2�H�B�M�;�- �r�2 �`�Q�m�M�/ �Q�m�i �Q�m�` �2�K�T�B�`�B�+���H �/�B�b�+�m�b�b�B�Q�M �#�v �T�`�2�b�2�M�i�B�M�; �b�B�K�T�H�2

�`�2�;�`�2�b�b�B�Q�M�@���/�D�m�b�i�2�/ �`�2�i�B�`�2�K�2�M�i �`���i�2�b �7�Q�` �i�?�2 �i�r�Q �+�Q�?�Q�`�i�b�X �h���#�H�2 �j �`�2�T�Q�`�i�b �i�?�2 �`�2�b�m�H�i�b �Q�7

�}�i�i�B�M�; �� �b�B�K�T�H�2 �H�B�M�2���` �T�`�Q�#���#�B�H�B�i�v �K�Q�/�2�H �i�?���i �T�`�2�/�B�+�i�b �T�`�Q�#���#�B�H�B�i�v �Q�7 �`�2�i�B�`�2�K�2�M�i ���b �� �7�m�M�+�i�B�Q�M

�Q�7 �#���b�2�H�B�M�2 ���;�2�- �2�t�T�2�`�B�2�M�+�2�- ���M�/ �r�?�2�i�?�2�` �� �i�2���+�?�2�` �B�b �B�M �i�?�2 �T�Q�b�i�@�2�M�?���M�+�2�K�2�M�i �+�Q�?�Q�`�i�X �h�?�2

�+�Q�2�{�+�B�2�M�i �Q�M �i�?�2 �T�Q�b�i�@�2�M�?���M�+�2�K�2�M�i �+�Q�?�Q�`�i �/�m�K�K�v �B�K�T�H�B�2�b �i�?���i �i�?�2 �T�`�Q�#���#�B�H�B�i�v �Q�7 �`�2�i�B�`�2�K�2�M�i�-

���p�2�`���;�2�/ �Q�p�2�` ���H�H ���;�2 ���M�/ �2�t�T�2�`�B�2�M�+�2 �+�2�H�H�b �r���b �j�d �T�2�`�+�2�M�i���;�2 �T�Q�B�M�i�b �?�B�;�?�2�` �7�Q�` �7�2�K���H�2�b�- ���M�/

�j�y �T�2�`�+�2�M�i���;�2 �T�Q�B�M�i�b �?�B�;�?�2�` �7�Q�` �K���H�2�b �Q�p�2�` �i�?�2 �}�p�2 �v�2���` �T�2�`�B�Q�/�X

(Table3)

�h�?�2 �2�p�B�/�2�M�+�2 �B�M �h���#�H�2�b �k ���M�/ �j ���M�/ �6�B�;�m�`�2�b �j�@�8 �b�m�;�;�2�b�i�b �i�?���i �i�?�2 �R�N�N�N �2�M�?���M�+�2�K�2�M�i�b

�b�B�;�M�B�}�+���M�i�H�v �b�?�Q�`�i�2�/ �i�2���+�?�B�M�; �+���`�2�2�`�b ���M�/ �i�?���i �i�?�2 �ó�T�m�b�?�ô �2�z�2�+�i�b �r�2�`�2 �p�2�`�v �T�Q�i�2�M�i�X �h�Q �2�t�T�H�Q�`�2

�7�m�`�i�?�2�` �i�?�2 �H�Q�M�;�@�`�m�M �2�z�2�+�i �Q�7 �i�?�2�b�2 �+�?���M�;�2�b �Q�M �b�2�M�B�Q�` �i�2���+�?�2�`�b�- ���M�/ �+�Q�M�b�B�/�2�` �?�Q�r �i�2���+�?�2�`�b

�r�Q�m�H�/ �`�2�b�T�Q�M�/ �i�Q ���H�i�2�`�M���i�2 �`�2�i�B�`�2�K�2�M�i �T�H���M�b�- �B�M �i�?�2 �M�2�t�i �b�2�+�i�B�Q�M �r�2 �2�b�i�B�K���i�2 �� �b�i�`�m�+�i�m�`���H

�K�Q�/�2�H �Q�7 �`�2�i�B�`�2�K�2�M�i �#�2�?���p�B�Q�` ���M�/ �m�b�2 �B�i �i�Q �2�t���K�B�M�2 �i�?�2 �H�Q�M�; �`�m�M �2�z�2�+�i �Q�7 �i�?�2�b�2 �`�m�H�2 �+�?���M�;�2�b

�Q�M �� �`�2�T�`�2�b�2�M�i���i�B�p�2 �b�2�M�B�Q�` �i�2���+�?�2�`�X

�9 �1�b�i�B�K���i�B�M�; �� �.�v�M���K�B�+ �_�2�i�B�`�2�K�2�M�i �J�Q�/�2�H

�a�i�Q�+�F ���M�/ �q�B�b�2 �U�R�N�N�y�V �/�2�p�2�H�Q�T�2�/ �� �b�i�`�m�+�i�m�`���H �K�Q�/�2�H �Q�7 �`�2�i�B�`�2�K�2�M�i �r�?�B�+�? �r���b �2�t�i�2�M�/�2�/ �#�v

�3



�L�B ���M�/ �S�Q�/�;�m�`�b�F�v �U�k�y�R�e�V �i�Q ���M ���M���H�v�b�B�b �Q�7 �T�m�#�H�B�+ �b�+�?�Q�Q�H �i�2���+�?�2�`�b�X �q�2 ���T�T�H�v �i�?�B�b �K�Q�/�2�H�- �r�B�i�?

�b�2�p�2�`���H �B�M�M�Q�p���i�B�Q�M�b�- �i�Q ���M ���M���H�v�b�B�b �Q�7 �a�i�X �G�Q�m�B�b �i�2���+�?�2�`�b�X

�*�Q�M�b�B�/�2�` ���M �2�K�T�H�Q�v�2�/ �i�2���+�?�2�` �r�?�Q �?���b �M�Q�i �`�2�i�B�`�2�/ ���i �i�?�2 �#�2�;�B�M�M�B�M�; �Q�7 �v�2���` �i�X �h�?�2 �T�`�2�b�2�M�i

�p���H�m�2 �Q�7 �2�t�T�2�+�i�2�/ �H�B�7�2�i�B�K�2 �m�i�B�H�B�i�v �7�Q�` �i�?�2 �i�2���+�?�2�` �B�7 �b�?�2 �`�2�i�B�`�2�b �B�M �v�2���` �` �Ur � t�V �B�b�,

�A�1tVt (r ) = maxc1 ;c2 �A�1t f
r � 1X

s= t

� s� t � (sjt)Uw(Ys; Bs(c1)) +
TX

s= r

� s� t � (sjt)Ur (Ps(c2); Bs(c1))g

�U�9�X�R�V

�r�?�2�`�2

Uw(Ys; Bs(c1)) = ( ks((1 � c)Ys + I 1
s Bs(c1)) )  + ! s; �U�9�X�k�V

Ur (Ps(c2); Bs(c1)) = ( I 2
s Ps(c2) + I 1

s Bs(c1))  + � s: �U�9�X�j�V

I 1
s =

8
>><

>>:

1 if s � c1

0 otherwise
�U�9�X�9�V

I 2
s =

8
>><

>>:

1 if s � c2

0 otherwise
�U�9�X�8�V

�h�?�2 �p���H�m�2 �7�m�M�+�i�B�Q�MV �/�2�T�2�M�/�b �Q�M �7�m�i�m�`�2 ���M�M�m���H �2���`�M�B�M�;�bYs �#�2�7�Q�`�2 �`�2�i�B�`�2�K�2�M�i�- �T�2�M�b�B�Q�M

�#�2�M�2�}�i�bPs(c2) �B�7 �i�?�2 �i�2���+�?�2�` �b�i���`�i�b �+�Q�H�H�2�+�i�B�M�; �� �T�2�M�b�B�Q�M �#�2�M�2�}�i �B�M �v�2���`c2�- ���M�/ �a�Q�+�B���H �a�2�+�m�`�B�i�v

�#�2�M�2�}�i�bBs(c1) �B�7 �b�?�2 �b�i���`�i�b �+�Q�H�H�2�+�i�B�M�; �a�Q�+�B���H �a�2�+�m�`�B�i�v �B�M �v�2���`c1�X �h�?�2 �+�Q�H�H�2�+�i�B�Q�M �v�2���`�bc1 ���M�/

c2 ���`�2 �Q�T�i�B�K���H�H�v �+�?�Q�b�2�M �i�Q �K���t�B�K�B�x�2 �i�?�2 �2�t�T�2�+�i�2�/ �m�i�B�H�B�i�v �;�B�p�2�M �i�?�2 �`�2�i�B�`�2�K�2�M�i �v�2���` �`�X �h�?�2

�T���`���K�2�i�2�` �+ �B�b �i�?�2 �+�Q�M�i�`�B�#�m�i�B�Q�M �`���i�2 �7�Q�` �i�2���+�?�2�`�b �#�2�7�Q�`�2 �`�2�i�B�`�2�K�2�M�i�- ���M�/ks �`�2�T�`�2�b�2�M�i�b �i�?�2

�i�2���+�?�2�`�ö�b �T�`�2�7�2�`�2�M�+�2 �7�Q�` �i�2���+�?�B�M�; �p�2�`�b�m�b �`�2�i�B�`�2�K�2�M�i�- �r�?�B�+�?�- �B�M �i�m�`�M�- �/�2�T�2�M�/�b �Q�M �i�?�2 �i�2���+�?�2�`�ö�b

���;�2 �B�M �v�2���`s�X �q�2 ���b�b�m�K�2ks = k( 60
age)k1 �X

�N



�h�?�2 �2�t�T�2�+�i�2�/ �;���B�M �7�`�Q�K �T�Q�b�i�T�Q�M�B�M�; �`�2�i�B�`�2�K�2�M�i �i�Q �v�2���` �` �B�b�,

Gt (r �V= �A�1tVt (r ) � �A�1tVt (t): �U�9�X�e�V

�1���+�? �v�2���`�- ���M �2�K�T�H�Q�v�2�/ �i�2���+�?�2�` �?���b �i�r�Q �+�?�Q�B�+�2�b�, �+�Q�M�i�B�M�m�2 �i�2���+�?�B�M�; �Q�` �`�2�i�B�`�2�X �h�?�2 �2�t�@

�T�2�+�i�2�/ �;���B�M �7�`�Q�K �T�Q�b�i�T�Q�M�B�M�; �`�2�i�B�`�2�K�2�M�i �+���M �#�2 �b�2�2�M ���b �i�?�2 �ó�Q�T�i�B�Q�M �p���H�m�2�ô �Q�7 �+�Q�M�i�B�M�m�B�M�; �i�Q

�r�Q�`�F�- �r�?�B�+�? �B�b �� �F�2�v �7�2���i�m�`�2 �Q�7 �i�?�B�b �K�Q�/�2�H�X �_�2�i�B�`�2�K�2�M�i �Q�+�+�m�`�b �B�7 �i�?�2 �p���H�m�2 �Q�7 �+�Q�M�i�B�M�m�B�M�;

�i�2���+�?�B�M�; �B�b �H�2�b�b �i�?���M �i�?�2 �p���H�m�2 �Q�7 �`�2�i�B�`�B�M�;�- �B�X�2�X�- �i�?�2 �Q�T�i�B�Q�M �p���H�m�2 �Q�7 �+�Q�M�i�B�M�m�2�/ �i�2���+�?�B�M�; �B�b

�M�2�;���i�B�p�2�X

�h�?�2 �i�2���+�?�2�`�ö�b �7�m�i�m�`�2 �b���H���`�v�- �T�2�M�b�B�Q�M �#�2�M�2�}�i�b�- ���M�/ �a�Q�+�B���H �a�2�+�m�`�B�i�v �#�2�M�2�}�i�b ���`�2 ���b�b�m�K�2�/ �i�Q

�#�2 �T�`�2�/�B�+�i���#�H�2�9�X �q�2 �F�M�Q�r �i�?�2 �b���H���`�v �Q�7 �i�2���+�?�2�`�b �B�M �i�?�2 �}�`�b�i �T�2�`�B�Q�/ ���M�/ �i�?�2�M �r�2 �T�`�2�/�B�+�i �i�?�2

�7�m�i�m�`�2 �b���H���`�v �r�B�i�? �7�Q�`�2�+���b�i�b �#���b�2�/ �Q�M �?�B�b�i�Q�`�B�+���H �/���i���X

�h�?�2 �2�t�T�2�+�i�2�/ �;���B�M �7�`�Q�K �`�2�i�B�`�B�M�; �B�M �v�2���` �` �U�H���i�2�` �i�?���M �i�V �B�b

Gt (r �V= �A�1tVt (r ) � �A�1tVt (t) = gt (r ) + K t (r )� t ; �U�9�X�d�V

�r�?�2�`�2 �i�?�2 �}�`�b�i �i�2�`�K�-gt (r ) =
P r � 1

s= t � s� t � ( sjt ) (( ks((1 � c)Ys + I 1
s Bs(c1)) )  )+

P T
s= r � s� t � ( sjt ) (( I 2

s Ps(c2) + I 1
s Bs(c1))  � [

P T
s= t � s� t � ( sjt ) ( I 2

s Ps(c2) + I 1
s Bs(c1))  ]�- �/�2�@

�T�2�M�/�b �Q�M �T�2�M�b�B�Q�M �`�m�H�2�b�X �h�?�2 �b�2�+�Q�M�/ �i�2�`�K�-K t (r ) =
P r � 1

s= t (�� )s� t � ( sjt )�- �/�2�T�2�M�/�b �Q�M �i�?�2

�K�Q�`�i���H�B�i�v �`���i�2�b�X �"�Q�i�? �i�2�`�K�b �/�2�T�2�M�/ �Q�M �i�?�2 �T���`���K�2�i�2�`�b �r�2 �M�2�2�/ �i�Q �2�b�i�B�K���i�2�X �h�?�2 �T�`�2�7�2�`�2�M�+�2

�2�`�`�Q�`� t = ! t � � t �X �q�2 ���b�b�m�K�2� t �7�Q�H�H�Q�r�b ���M ���_�U�R�V �T�`�Q�+�2�b�b�,� t = �� t � 1 + � t �- �r�?�2�`�2� t �B�b �B�B�/

N (0; � 2)�X

�a�m�T�T�Q�b�2r y �b�Q�H�p�2�bmaxr 2f t+1 ;t+2 ;::::::T g �A�1tVt (r )�X �h�?�m�b�- �i�?�2 �i�2���+�?�2�` �r�B�H�H �+�Q�M�i�B�M�m�2 �r�Q�`�F�B�M�; ���i

�i �B�7Gt (r y) = �A�1tVt (r y) � �A�1tVt (t) > 0�X �h�?�2 �T�`�Q�#���#�B�H�B�i�v �Q�7 �`�2�i�B�`�2�K�2�M�i ���i �i�B�K�2 �i �B�bP[R = t] =

�9�h�2���+�?�2�`�b�ö �b���H���`�B�2�b ���`�2 �H���`�;�2�H�v �/�2�i�2�`�K�B�M�2�/ �#�v �i�?�2 �/�B�b�i�`�B�+�i�ö�b �b���H���`�v �b�+�?�2�/�m�H�2 ���M�/ �+���M �#�2 �T�`�2�/�B�+�i�2�/ �m�b�B�M�;
�i�?�2 �7�Q�H�H�Q�r�B�M�; �7�Q�`�K�m�H���,Salary t + i = Salary t � exp(b1 � i + b2 � [(t + i )2 � t2] + b3 � [(t + i )3 � t3])�- �r�?�2�`�2
�#�R�4�y�X�y�j�8�e�N�- �#�k�4�@�y�X�y�y�y�8�j�e�8�k�- �#�j�4�@�y�X�y�y�y�y�y�j�d�k�X

�R�y



P[Gt (r ) � 0; 8r � t + 1] = P[ Gt (r y) � 0]; �r�?�B�+�? �+���M �#�2 �`�2�r�`�B�i�i�2�M ���b

P[� gt (r
y
t )=K t (r

y
t ) > � t ]: �U�9�X�3�V

�A�M �i�?�B�b �K�Q�/�2�H �i�?�2�`�2 ���`�2 �b�B�t �m�M�F�M�Q�r�M �b�i�`�m�+�i�m�`���H �T���`���K�2�i�2�`�b �i�Q �#�2 �2�b�i�B�K���i�2�/�- �r�?�B�+�? ���`�2

�H�B�b�i�2�/ �B�M �h���#�H�2 �9�X �h�?�2 �i�?�`�2�b�?�Q�H�/gt (r
y
t )=K t (r

y
t ) �/�2�T�2�M�/�b �Q�M �i�2���+�?�2�`�ö�b ���;�2�- �2�t�T�2�`�B�2�M�+�2�- ���M�/ �i�?�2

�b�B�t �b�i�`�m�+�i�m�`���H �T���`���K�2�i�2�`�b�X �.�2�i���B�H�b �+�Q�M�+�2�`�M�B�M�; �i�?�2 �+�Q�K�T�m�i���i�B�Q�M �Q�7 �i�?�2 �`�2�i�B�`�2�K�2�M�i �T�`�Q�#���#�B�H�B�i�B�2�b

���`�2 �;�B�p�2�M �B�M �i�?�2 ���T�T�2�M�/�B�t ���X�R�X

(Table4)

�h�?�2 �b�i�`�m�+�i�m�`���H �K�Q�/�2�H ���b�b�m�K�2�b �i�?���i �`�2�i�B�`�2�K�2�M�i �/�2�+�B�b�B�Q�M�b �#�v �i�2���+�?�2�`�b ���`�2 �;�Q�p�2�`�M�2�/ �#�v �i�?�2

�b�B�t �T���`���K�2�i�2�`�b�X �h�2���+�?�2�`�b �r�B�i�? �i�?�2 �b���K�2 ���;�2 ���M�/ �2�t�T�2�`�B�2�M�+�2 �/�B�z�2�` �B�M �i�B�K�B�M�; �Q�7 �`�2�i�B�`�2�K�2�M�i

�/�m�2 �i�Q �/�B�z�2�`�2�M�+�2�b �B�M �T�`�2�7�2�`�2�M�+�2 �2�`�`�Q�`�b� t �i�?���i �K�2���b�m�`�2 �i�?�2 �m�M�Q�#�b�2�`�p�2�/ �r�B�H�H�B�M�;�M�2�b�b �i�Q �i�2���+�?

�U�`�2�H���i�B�p�2 �i�Q �`�2�i�B�`�2�K�2�M�i�X�V �h�?�2 �T�`�2�7�2�`�2�M�+�2 �2�`�`�Q�`�b ���`�2 �2�M�/�Q�;�2�M�Q�m�b �#�2�+���m�b�2 �i�?�2�v �/�2�T�2�M�/ �Q�M

�i�2���+�?�2�`�b�ö �T���b�i �`�2�i�B�`�2�K�2�M�i �/�2�+�B�b�B�Q�M�b�X �*�Q�M�/�B�i�B�Q�M �U�9�X�3�V �B�K�T�H�B�2�b �i�?���i �i�?�2 �T�`�2�7�2�`�2�M�+�2 �2�`�`�Q�`�b� t

�7�Q�` �i�2���+�?�2�`�b �r�?�Q �+�?�Q�Q�b�2 �i�Q �+�Q�M�i�B�M�m�2 �i�2���+�?�B�M�; ���`�2 �;�`�2���i�2�` �i�?���M� gt (r
y
t )=K t (r

y
t )�X �h�2���+�?�2�`�b

�r�B�i�? ���#�Q�p�2 ���p�2�`���;�2 ���;�2 ���M�/ �2�t�T�2�`�B�2�M�+�2 ���M�/ �r�?�Q �`�2�T�2���i�2�/�H�v �+�?�Q�Q�b�2 �i�Q �`�2�K���B�M �r�Q�`�F�B�M�; �B�K�T�H�v

�?�B�;�?�2�` �p���H�m�2�b �Q�7� t �X �A�M �i�?�2 �K�Q�/�2�H �2�b�i�B�K���i�B�Q�M �r�2 �7���+�i�Q�` �B�M �i�?�2 �/�2�T�2�M�/�2�M�+�2 �Q�7 �i�?�2 �i�?�`�2�b�?�Q�H�/�b

�Q�M �T�`�2�7�2�`�2�M�+�2 �2�`�`�Q�`�b �#�v �+�Q�K�T�m�i�B�M�; �i�?�2 �b�2�[�m�2�M�i�B���H �T�`�Q�#���#�B�H�B�i�B�2�b �Q�7 �i�?�2 �i�2���+�?�2�`�b�ö �/�2�+�B�b�B�Q�M�b�X

�h�?�2 �/�2�T�2�M�/�2�M�+�2 �Q�7 �i�?�2 �T�`�2�7�2�`�2�M�+�2 �2�`�`�Q�`�b �T�2�`�i���B�M �i�Q �i�?�2 �B�M�B�i�B���H �b���K�T�H�2 ���b �r�2�H�H ���b �i�?�2

�T���M�2�H ���M�/ �`�2�b�m�H�i�b �B�M �i�?�2 �#���b�2�H�B�M�2 �b���K�T�H�2 �b�2�H�2�+�i�B�Q�M �T�`�Q�#�H�2�K �M�Q�i�2�/ �B�M �i�?�2 �T�`�2�p�B�Q�m�b �b�2�+�i�B�Q�M�X

�h�?�2 �2�b�i�B�K���i�B�Q�M �/���i�� �b�2�i �B�M�+�H�m�/�2�b �i�2���+�?�2�`�b �r�?�Q �r�2�`�2 �2�H�B�;�B�#�H�2 �7�Q�` �`�2�i�B�`�2�K�2�M�i �#�2�7�Q�`�2 �k�y�y�3 �U�i�?�2

�#�2�;�B�M�M�B�M�; �Q�7 �b���K�T�H�2 �T�2�`�B�Q�/�V �#�m�i �r�?�Q �+�?�Q�b�2 �i�Q �r���B�i�- �#�m�i �B�i �2�t�+�H�m�/�2�b �i�?�Q�b�2 �r�?�Q �+�?�Q�b�2 �i�Q

�`�2�i�B�`�2 �T�`�B�Q�` �i�Q �k�y�y�3�X �6���B�H�B�M�; �i�Q �i���F�2 �i�?�B�b �b���K�T�H�2 �b�2�H�2�+�i�B�Q�M �B�M�i�Q ���+�+�Q�m�M�i �r�Q�m�H�/ �`�2�b�m�H�i �B�M

�#�B���b�2�/ �2�b�i�B�K���i�2�b�X �>�2�M�+�2 �i�?�2 �b���K�T�H�2 �b�2�H�2�+�i�B�Q�M �B�M �i�?�B�b �b�2�i�i�B�M�; �B�b ���M �2�t���K�T�H�2 �Q�7 �i�?�2 �7���K�B�H�B���`

�ó�B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M �T�`�Q�#�H�2�K�ô �B�M �/�v�M���K�B�+ �T���M�2�H �/���i�� �K�Q�/�2�H�b �U�2�X�;�X�- �>�2�+�F�K���M �U�R�N�3�R�V�c �q�Q�Q�H�/�`�B�/�;�2

�U�k�y�y�8�V�X�V �q�2 �b�Q�H�p�2 �i�?�2 �ó�K�B�b�b�B�M�; �2���`�H�v �H�2���p�2�`�b�ô �T�`�Q�#�H�2�K �#�v �2�b�i�B�K���i�B�M�; �i�?�2 �K�Q�/�2�H �+�Q�M�/�B�i�B�Q�M�B�M�;

�R�R



�Q�M �i�?�2 �T�`�Q�#���#�B�H�B�i�v �i�?���i �`�2�i�B�`�2�K�2�M�i�@�2�H�B�;�B�#�H�2 �i�2���+�?�2�`�b ���T�T�2���` �B�M �i�?�2 �B�M�B�i�B���H �b���K�T�H�2�X �h�?�2 �Q�T�i�B�Q�M�@

�p���H�m�2 �K�Q�/�2�H �/�2�T�B�+�i�b �?�Q�r �i�?�2 �b���K�T�H�2 �b�2�H�2�+�i�B�Q�M �/�2�T�2�M�/�b �Q�M �i�?�2 �T�`�2�7�2�`�2�M�+�2 �2�`�`�Q�`�b �T�`�B�Q�` �i�Q �i�?�2

�B�M�B�i�B���H �b���K�T�H�2 �T�2�`�B�Q�/�X �h�?�2 �H�B�F�2�H�B�?�Q�Q�/ �Q�7 �i�?�2 �b���K�T�H�2 �+���M �i�?�2�M �#�2 �+�Q�K�T�m�i�2�/ �#�v �B�M�i�2�;�`���i�B�M�;

�Q�m�i �i�?�2�b�2 �#���b�2�H�B�M�2 �T�`�2�7�2�`�2�M�+�2 �2�`�`�Q�`�b ���H�Q�M�; �r�B�i�? �i�?�2 �T�`�2�7�2�`�2�M�+�2 �2�`�`�Q�`�b �B�M �i�?�2 �b���K�T�H�2 �T�2�`�B�Q�/�X

�P�m�` ���T�T�`�Q���+�? �i�Q �+�Q�`�`�2�+�i�B�M�; �i�?�B�b �b���K�T�H�2 �b�2�H�2�+�i�B�Q�M �T�`�Q�#�H�2�K �B�b �/�B�b�+�m�b�b�2�/ �B�M �;�`�2���i�2�` �/�2�i���B�H �B�M

���T�T�2�M�/�B�t ���X�k�X

�h�?�2 �/���i�� �r�2 �m�b�2 �7�Q�` �2�b�i�B�K���i�B�Q�M �B�M�+�H�m�/�2�b ���H�H �i�2���+�?�2�`�b ���;�2�/ �8�y�@�e�k �B�M �i�?�2 �k�y�y�N�@�R�y �b�+�?�Q�Q�H

�v�2���`�- �r�?�B�+�? �B�b �i�?�2 �+�Q�?�Q�`�i �Q�7 �i�2���+�?�2�`�b �m�M�/�2�` �i�?�2 �T�Q�b�i�@�2�M�?���M�+�2�K�2�M�i �T�2�M�b�B�Q�M �`�m�H�2�b �/�2�b�+�`�B�#�2�/

�B�M �h���#�H�2 �k�X �q�2 �i�`���+�F �i�?�B�b �+�Q�?�Q�`�i �Q�7 �i�2���+�?�2�`�b �7�Q�` �i�?�2 �M�2�t�i �}�p�2 �v�2���`�b�X �l�b�B�M�; �J���t�B�K�m�K

�G�B�F�2�H�B�?�Q�Q�/ �2�b�i�B�K���i�B�Q�M �U�J�G�1�V �K�2�i�?�Q�/�b �/�2�b�+�`�B�#�2�/ �B�M �i�?�2 ���T�T�2�M�/�B�t�- �r�2 �Q�#�i���B�M �i�?�2 �2�b�i�B�K���i�2�b

�Q�7 �b�B�t �b�i�`�m�+�i�m�`���H �T���`���K�2�i�2�`�b �`�2�T�Q�`�i�2�/ �B�M �h���#�H�2 �8�X

(Table5)

���H�H �Q�7 �i�?�2�b�2 �T���`���K�2�i�2�` �2�b�i�B�K���i�2�b ���`�2 �b�i���i�B�b�i�B�+���H�H�v �b�B�;�M�B�}�+���M�i�- �T�H���m�b�B�#�H�2�- ���M�/ �2�b�i�B�K���i�2�/ �r�B�i�?

�`�2���b�Q�M���#�H�2 �i�Q �?�B�;�? �T�`�2�+�B�b�B�Q�M�X �*�Q�K�T���`�2�/ �r�B�i�? �i�?�2 �2�b�i�B�K���i�2�b �B�M �L�B ���M�/ �S�Q�/�;�m�`�b�F�v �U�k�y�R�e�V�- �i�?�2�b�2

�ó�/�2�2�T�ô �T���`���K�2�i�2�`�b ���`�2 �[�m�B�i�2 �b�B�K�B�H���` �2�p�2�M �i�?�Q�m�;�? �i�?�2 �a�i�X �G�Q�m�B�b �i�2���+�?�2�`�b ���`�2 �B�M �� �b�2�T���`���i�2 ���M�/

�b�m�#�b�i���M�i�B���H�H�v �/�B�z�2�`�2�M�i �6���a�@�.�" �T�2�M�b�B�Q�M �b�v�b�i�2�K�X �A�M ���/�/�B�i�B�Q�M�- �a�i�X �G�Q�m�B�b �i�2���+�?�2�`�b ���`�2 �+�Q�p�2�`�2�/

�#�v �a�Q�+�B���H �a�2�+�m�`�B�i�v�- �r�?�2�`�2���b �i�2���+�?�2�`�b �B�M �i�?�2 �b�i���i�2�@�r�B�/�2 �T�H���M ���`�2 �M�Q�i�X

�h�?�2 �T���`���K�2�i�2�`� �K�2���b�m�`�2�b �i�?�2 �i�2���+�?�2�`�ö�b �/�B�b�+�Q�m�M�i �`���i�2�X �h�?�2 �T���`���K�2�i�2�` �B�b �b�B�;�M�B�}�+���M�i�H�v

�H�2�b�b �i�?���M �m�M�B�i�v �7�Q�` �#�Q�i�? �7�2�K���H�2 ���M�/ �K���H�2�b�- �r�?�B�+�? �B�K�T�H�B�2�b �`�B�b�F�@���p�2�`�b�B�Q�M�X� ���M�/� ���`�2 �i�r�Q �T���@

�`���K�2�i�2�`�b �`�2�H���i�2�/ �i�Q �m�M�Q�#�b�2�`�p�2�/ �`�2�i�B�`�2�K�2�M�i �T�`�2�7�2�`�2�M�+�2�b�X �h�?�2�b�2 �m�M�Q�#�b�2�`�p�2�/ �T�`�2�7�2�`�2�M�+�2�b �U�ó�T�`�2�7�@

�2�`�2�M�+�2 �b�?�Q�+�F�b�ô�V ���`�2 �b�m�#�b�i���M�i�B���H ���M�/ �T�2�`�b�B�b�i�2�M�i �U�B�X�2�X�-� �B�b �T�Q�b�B�i�B�p�2 ���M�/ �b�B�;�M�B�}�+���M�i�V�X �a�B�M�+�2 �i�?�2

�Q�T�i�B�Q�M �p���H�m�2 �B�b �i�?�2 �F�2�v �p���`�B���#�H�2 �B�M �i�?�B�b �K�Q�/�2�H �i�?���i �T�`�2�/�B�+�i�b �`�2�i�B�`�2�K�2�M�i �#�2�?���p�B�Q�`�- �i�?�2 �H���`�;�2

�b�i���M�/���`�/ �/�2�p�B���i�B�Q�M �2�b�i�B�K���i�2�b �Q�7 �9�y�y�R�X�R�y�3 ���M�/ �j�d�d�y�X�9�j�k�- �7�Q�` �7�2�K���H�2�b ���M�/ �K���H�2�b �`�2�b�T�2�+�i�B�p�2�H�v�-

���`�2 �`�2���b�Q�M���#�H�2 �b�B�M�+�2 �i�?�2�v �+���T�i�m�`�2 ���H�H �Q�i�?�2�` �Q�K�B�i�i�2�/ �p���`�B���#�H�2�b �i�?���i �B�M�~�m�2�M�+�2 �`�2�i�B�`�2�K�2�M�i �/�2�@
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�+�B�b�B�Q�M�b�X �h�?�2 �T���`���K�2�i�2�`�bk ���M�/k1 �i�Q�;�2�i�?�2�` �K�2���b�m�`�2 �i�?�2 �/�B�b�m�i�B�H�B�i�v �Q�7 �i�2���+�?�B�M�; �`�2�H���i�B�p�2 �i�Q

�`�2�i�B�`�2�K�2�M�i�X �h�?�2�b�2 �2�b�i�B�K���i�2�b �B�K�T�H�v �i�?���i �i�?�2 ���i�i�`���+�i�B�p�2�M�2�b�b �Q�7 �`�2�i�B�`�2�K�2�M�i �U�H�2�B�b�m�`�2�V �`�2�H���i�B�p�2 �i�Q

�i�2���+�?�B�M�; �`�B�b�2�b �r�B�i�? ���;�2 �U�L�B ���M�/ �S�Q�/�;�m�`�b�F�v�- �k�y�R�e�V�X

�h�?�2 �b�i�`�m�+�i�m�`���H �K�Q�/�2�H �T�`�Q�p�B�/�2�b �� �;�Q�Q�/ �}�i �i�Q �i�?�2�b�2 �/���i�� �#�Q�i�? �B�M ���M�/ �Q�m�i �Q�7 �b���K�T�H�2�X �6�B�;�m�`�2

�e �`�2�T�Q�`�i�b �2�K�T�H�Q�v�K�2�M�i �b�m�`�p�B�p���H �`���i�2�b �B�M�@�b���K�T�H�2 �7�Q�` �i�?�2 �k�y�y�N �b�2�M�B�Q�` �i�2���+�?�2�` �+�Q�?�Q�`�i ���M�/ �Q�m�i�@

�Q�7�@�b���K�T�H�2 �7�Q�` �i�?�2 �R�N�N�j �+�Q�?�Q�`�i�X �L�Q�i�2 �i�?���i �i�?�2 �R�N�N�j �Q�m�i�@�Q�7�@�b���K�T�H�2 �+�Q�?�Q�`�i �B�b �� �M�Q�M�@�Q�p�2�`�H���T�T�B�M�;

�;�`�Q�m�T �Q�7 �i�2���+�?�2�`�b �r�?�Q �7���+�2 �� �p�2�`�v �/�B�z�2�`�2�M�i �b�2�i �Q�7 �T�2�M�b�B�Q�M �`�m�H�2�b�X �L�Q�M�2�i�?�2�H�2�b�b�- �i�?�2 �}�i �B�b �;�Q�Q�/

�7�Q�` �#�Q�i�? �;�`�Q�m�T�b�X �J�Q�`�2 �2�t�i�2�M�b�B�p�2 �T�H�Q�i�b �Q�7 ���;�2 ���M�/ �2�t�T�2�`�B�2�M�+�2 ���`�2 �T�`�Q�p�B�/�2�/ �B�M �i�?�2 ���T�T�2�M�/�B�t

�"�X �P�p�2�`���H�H�- �i�?�2 �b�i�`�m�+�i�m�`���H �K�Q�/�2�H �2�t�?�B�#�B�i�b �;�Q�Q�/ �}�i�- �#�Q�i�? �B�M ���M�/ �Q�m�i�@�Q�7�@�b���K�T�H�2�X

(F igure 6)

�8 �a�B�K�m�H���i�B�M�; �i�?�2 �1�z�2�+�i�b �Q�7 �S�2�M�b�B�Q�M �S�H���M �*�?���M�;�2�b

���b �M�Q�i�2�/ �B�M �i�?�2 �B�M�i�`�Q�/�m�+�i�B�Q�M�- �i�?�2 �R�N�N�N �2�M�?���M�+�2�K�2�M�i �Q�7 �i�?�2 �`�2�T�H���+�2�K�2�M�i �7���+�i�Q�` �r���b ���+�+�Q�K�@

�T���M�B�2�/ �#�v �� �+���T �Q�M �T�2�M�b�B�Q�M �#�2�M�2�}�i�b �Q�7 �e�y�W �Q�7 �}�M���H ���p�2�`���;�2 �b���H���`�v�X �l�b�B�M�; �i�?�2 �2�b�i�B�K���i�2�/

�b�i�`�m�+�i�m�`���H �K�Q�/�2�H �r�2 �+�Q�M�/�m�+�i �+�Q�m�M�i�2�`�@�7���+�i�m���H �b�B�K�m�H���i�B�Q�M�b �Q�M �i�?�2 �2�z�2�+�i �Q�7 �2���+�? ���b�T�2�+�i �Q�7 �i�?�2

�T�2�M�b�B�Q�M �`�m�H�2 �+�?���M�;�2�b�X

�A�M �Q�`�/�2�` �i�Q �`�2�K�Q�p�2 �i�?�2 �B�M�~�m�2�M�+�2 �Q�7 �i�?�2 �+�Q�K�T�Q�b�B�i�B�Q�M �Q�7 �i�2���+�?�2�`�b �B�M �i�?�2 �T�Q�b�i�@�2�M�?���M�+�2�K�2�M�i

�b���K�T�H�2 ���M�/ �?�B�;�?�H�B�;�?�i �i�?�2 �T�Q�H�B�+�v �2�z�2�+�i�- �r�2 �+�?�Q�Q�b�2 �� �`�2�T�`�2�b�2�M�i���i�B�p�2 �7�2�K���H�2 ���M�/ �K���H�2 �i�2���+�?�2�`

�r�?�Q �B�b �8�y �v�2���`�b �Q�H�/ ���M�/ �r�B�i�? �k�8 �v�2���`�b �Q�7 �2�t�T�2�`�B�2�M�+�2�X �a�m�+�? �� �i�2���+�?�2�` �B�b �2�M�i�2�`�B�M�; �i�?�2 �`�2�i�B�`�2�@

�K�2�M�i �r�B�M�/�Q�r�X �q�2 ���M���H�v�x�2 �i�?�2 �2�z�2�+�i�b �Q�7 �i�?�2 �T�2�M�b�B�Q�M �2�M�?���M�+�2�K�2�M�i�b ���M�/ �i�?�`�2�2 �+�Q�m�M�i�2�`�7���+�i�m���H

�T�2�M�b�B�Q�M ���H�i�2�`�M���i�B�p�2�b �Q�p�2�` �� �j�y �v�2���` �i�B�K�2 �?�Q�`�B�x�Q�M�- �#�v �r�?�B�+�? �i�B�K�2 �i�?�B�b �i�2���+�?�2�` �r�B�H�H �?���p�2 �`�2�i�B�`�2�/�X

�h���#�H�2 �e �`�2�T�Q�`�i�b �i�?�2 �2�z�2�+�i�b �Q�7 �i�?�2 �/�B�z�2�`�2�M�i �T�2�M�b�B�Q�M �`�m�H�2�b �Q�M �i�?�2 �i�B�K�B�M�; �Q�7 �`�2�i�B�`�2�K�2�M�i�X

�q�2 �i�`�2���i �i�?�2 ���7�i�2�`�@�2�M�?���M�+�2�K�2�M�i �T�2�M�b�B�Q�M �`�m�H�2�b ���b �Q�m�` �#���b�2�H�B�M�2 �+���b�2 �U�*�Q�H�m�K�M �k�V ���M�/ �b�m�#�i�`���+�i

�2�M�?���M�+�2�K�2�M�i �2�z�2�+�i�b�X �*�Q�H�m�K�M �8 �`�2�T�Q�`�i�b �i�?�2 �2�z�2�+�i �Q�7 �2�H�B�K�B�M���i�B�M�; ���H�H �Q�7 �i�?�2 �2�M�?���M�+�2�K�2�M�i�b�X
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�h�?�2 �2�H�B�K�B�M���i�B�Q�M �Q�7 �T�2�M�b�B�Q�M �+���T �Q�7 �e�y�W�- �� �`�2�/�m�+�i�B�Q�M �Q�7 �y�X�d�8�W �B�M �i�?�2 �`�2�T�H���+�2�K�2�M�i �7���+�i�Q�`�- ���M�/ ��

�*�P�G�� �+���T �H�2���/�b �i�Q �� �?�B�;�?�2�` �H�2�p�2�H �Q�7 ���p�2�`���;�2 �`�2�i�B�`�2�K�2�M�i ���;�2 ���M�/ �2�t�i�2�M�/�b �i�?�2 �i�2���+�?�B�M�; �+���`�2�2�`

�#�v �k�X�e �v�2���`�b �7�Q�` �7�2�K���H�2�b ���M�/ �R�X�N �v�2���`�b �7�Q�` �K���H�2�b�X �h�?�B�b �b�?�Q�r�b �i�?���i �i�?�2 �H�2�b�b �`�2�K�m�M�2�`���i�B�p�2

���M�/ �m�M�+���T�T�2�/ �T�`�2�@�2�M�?���M�+�2�K�2�M�i �T�2�M�b�B�Q�M�b �2�t�2�`�i�2�/ �� �r�2���F�2�` �ó�T�m�b�?�ô �2�z�2�+�i�- ���M�/ �?�2�M�+�2 �v�B�2�H�/�2�/

�H�Q�M�;�2�` �i�2���+�?�B�M�; �+���`�2�2�`�b�X

(Table6)

�h���#�H�2 �e ���H�b�Q �/�2�+�Q�K�T�Q�b�2�b �i�?�2 �2�z�2�+�i�b �Q�7 �i�?�2 �T�2�M�b�B�Q�M �2�M�?���M�+�2�K�2�M�i�b �B�M�i�Q �i�?�2 �+�Q�K�T�Q�M�2�M�i�b

�/�m�2 �i�Q �B�M�+�`�2���b�B�M�; �i�?�2 �`�2�T�H���+�2�K�2�M�i �7���+�i�Q�` ���M�/ �i�?�2 �2�z�2�+�i �Q�7 �� �#�2�M�2�}�i �+���T�X �1�H�B�K�B�M���i�B�M�; �i�?�2

�+���T �Q�M �T�2�M�b�B�Q�M �#�2�M�2�}�i�b �B�M�+�`�2���b�2�b �i�?�2 ���p�2�`���;�2 �+���`�2�2�` �2�t�T�2�`�B�2�M�+�2 ���i �`�2�i�B�`�2�K�2�M�i �#�v �y�X�d �v�2���`�b �7�Q�`

�7�2�K���H�2 �i�2���+�?�2�`�b ���M�/ �y�X�8 �v�2���`�b �7�Q�` �K���H�2 �i�2���+�?�2�`�b�X �A�K�T�Q�b�B�M�; �i�?�2 �*�P�G�� �+���T �B�M�+�`�2���b�2�b �`�2�i�B�`�2�K�2�M�i

�2�t�T�2�`�B�2�M�+�2 �7�`�Q�K �y�X�j�@�y�X�e �v�2���`�b�X �_�2�/�m�+�B�M�; �i�?�2 �`�2�T�H���+�2�K�2�M�i �7���+�i�Q�` �7�`�Q�K �k�W �i�Q �R�X�k�8�W �B�M�+�`�2���b�2�b

�i�?�2 ���p�2�`���;�2 �`�2�i�B�`�2�K�2�M�i �2�t�T�2�`�B�2�M�+�2 �#�v �R�X�j �v�2���`�b �7�Q�` �7�2�K���H�2 ���M�/ �R�X�R �v�2���`�b �7�Q�` �K���H�2 �i�2���+�?�2�`�b�X

�A�M �b�?�Q�`�i�- �i�?�2 �b�Q�K�2�r�?���i �b�m�`�T�`�B�b�B�M�; �}�M�/�B�M�; �7�`�Q�K �h���#�H�2 �e �B�b �i�?���i �r�?�B�H�2 �i�?�2 �e�y�W �+���T�- �r�?�B�+�?

�?���b �� �+�H�2���` �ó�T�m�b�?�ô �2�z�2�+�i�- �b�?�Q�`�i�2�M�2�/ �i�2���+�?�B�M�; �+���`�2�2�`�b�- �i�?�2 �H���`�;�2�` �2�z�2�+�i �+���K�2 �7�`�Q�K �i�?�2 �B�M�+�`�2���b�2

�B�M �i�?�2 �`�2�T�H���+�2�K�2�M�i �7���+�i�Q�` �7�`�Q�K �R�X�k�8�W �i�Q �k�W�X �h�?�2 �*�P�G�� �+���T ���H�b�Q �?���/ �� �T�Q�i�2�M�i �2�z�2�+�i�X

�P�p�2�` �i�?�2 �H���b�i �b�2�p�2�`���H �/�2�+���/�2�b �K���M�v �T�`�B�p���i�2 �b�2�+�i�Q�` �2�K�T�H�Q�v�2�`�b �?���p�2 �7�`�Q�x�2�M �Q�` �+�H�Q�b�2�/ �i�?�2�B�`

�.�" �T�H���M�b ���M�/ �T�m�i �r�Q�`�F�2�`�b �B�M�i�Q �/�2�}�M�2�/ �+�Q�M�i�`�B�#�m�i�B�Q�M �U�.�*�V �T�H���M�b �U�"�m�i�`�B�+�� �2�i ���H�X�- �k�y�y�N�V�X �h�?�2

�}�M���H �+�Q�H�m�K�M �Q�7 �h���#�H�2 �e �b�B�K�m�H���i�2�b �i�?�2 �2�z�2�+�i �Q�7 �b�m�+�? �� �T�Q�H�B�+�v �7�Q�` �a�i�X �G�Q�m�B�b �i�2���+�?�2�`�b�X �h�?�B�b �T�H���M

�r�Q�m�H�/ �7�`�2�2�x�2 ���+�+�`�m���H �Q�7 �T�2�M�b�B�Q�M �r�2���H�i�? �m�M�/�2�` �i�?�2 �+�m�`�`�2�M�i �.�" �T�H���M ���M�/ �+�Q�M�p�2�`�i ���H�H �7�m�i�m�`�2

�+�Q�M�i�`�B�#�m�i�B�Q�M�b �i�Q�r���`�/ �� �H�2�b�b �2�t�T�2�M�b�B�p�2 �U�#�m�i �b�i�B�H�H �;�2�M�2�`�Q�m�b �#�v �T�`�B�p���i�2 �b�2�+�i�Q�` �b�i���M�/���`�/�b�V �.�*

�T�H���M�X �a�T�2�+�B�}�+���H�H�v�- �i�?�2 �i�2���+�?�2�` �r�Q�m�H�/ �`�2�+�2�B�p�2 �i�?�2 �7�m�H�H �p���H�m�2 �Q�7 �?�2�` ���+�+�`�m�2�/ �T�2�M�b�B�Q�M �r�2���H�i�?�X

�q�2 ���b�b�m�K�2 �� �9�W ���M�M�m���H �M�Q�K�B�M���H �`�2�i�m�`�M �Q�M �i�?�B�b �#���H���M�+�2�X �:�Q�B�M�; �7�Q�`�r���`�/�- �i�?�2 �i�2���+�?�2�` �r�Q�m�H�/

�+�Q�M�i�`�B�#�m�i�2 �8�W �Q�7 �?�2�` �b���H���`�v �i�Q �i�?�2 �.�* �T�H���M �U�r�?�B�+�? �K���i�+�?�2�b �?�2�` �+�Q�M�i�`�B�#�m�i�B�Q�M �`���i�2 �i�Q �i�?�2 �.�"

�T�H���M�V ���M�/ �i�?�2 �/�B�b�i�`�B�+�i �r�Q�m�H�/ �+�Q�M�i�`�B�#�m�i�2 �R�y�W�X �h�?�2 �/�B�b�i�`�B�+�i �+�Q�M�i�`�B�#�m�i�B�Q�M �`���i�2 �B�b �H�2�b�b �i�?���M �i�?�2

�+�m�`�`�2�M�i �+�Q�b�i �Q�7 �i�?�2 �.�" �T�H���M�X
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�h�?�2 �H���b�i �+�Q�H�m�K�M �Q�7 �h���#�H�2 �e �b�?�Q�r�b �i�?�2 �#�2�?���p�B�Q�` �Q�7 �Q�m�` �`�2�T�`�2�b�2�M�i���i�B�p�2 �b�2�M�B�Q�` �i�2���+�?�2�` �m�M�/�2�`

�b�m�+�? �� �?�v�T�Q�i�?�2�i�B�+���H �.�* �T�H���M�X �h�?�2 �K���M�/���i�Q�`�v �+�Q�M�p�2�`�b�B�Q�M �i�Q �� �.�* �T�H���M �T�`�Q�/�m�+�2�b �� �b�m�#�b�i���M�@

�i�B���H �B�M�+�`�2���b�2 �B�M ���/�/�B�i�B�Q�M���H �i�2���+�?�B�M�; �v�2���`�b ���M�/ �`�2�i�B�`�2�K�2�M�i ���;�2�X ���b �+�Q�K�T���`�2�/ �i�Q �i�?�2 �+�m�`�`�2�M�i

�T�H���M�- �+�Q�K�T�H�2�i�2�/ �2�t�T�2�`�B�2�M�+�2 ���i �`�2�i�B�`�2�K�2�M�i �`�B�b�2�b �#�v �k�X�8 ���M�/ �R�X�d �v�2���`�b �7�Q�` �7�2�K���H�2�b ���M�/ �K���H�2�b�-

�`�2�b�T�2�+�i�B�p�2�H�v�X ���p�2�`���;�2 ���;�2 ���i �`�2�i�B�`�2�K�2�M�i �`�B�b�2�b �7�`�Q�K �8�e�X�9 �i�Q �8�3�X�N �7�Q�` �7�2�K���H�2�b ���M�/ �8�e�X�8 �i�Q �8�3�X�k

�7�Q�` �K���H�2�b�X �h�?�2�b�2 �b�m�#�b�i���M�i�B���H �B�M�+�`�2���b�2�b �7�`�Q�K �� �.�* �+�Q�M�p�2�`�b�B�Q�M ���`�2 �`�Q�#�m�b�i �i�Q �K�Q�/�2�b�i �+�?���M�;�2�b
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�k�3



���M�/ �h�2���+�?�2�` �_�2�i�2�M�i�B�Q�M�X �_���M�/ �*�Q�`�T�Q�`���i�B�Q�M�X

�E�Q�2�/�2�H�- �*�X�- �a�X �L�B�- ���M�/ �J�X �S�Q�/�;�m�`�b�F�v �U�k�y�R�9�V�X �q�?�Q �#�2�M�2�}�i�b �7�`�Q�K �T�2�M�b�B�Q�M �2�M�?���M�+�2�K�2�M�i�b�\

�1�/�m�+���i�B�Q�M �6�B�M���M�+�2 ���M�/ �S�Q�H�B�+�v �N�U�k�V�- �R�e�8���R�N�k�X

�E�Q�2�/�2�H�- �*�X ���M�/ �"�X �s�B���M�; �U�k�y�R�d�V�X �S�2�M�b�B�Q�M �2�M�?���M�+�2�K�2�M�i�b ���M�/ �i�?�2 �`�2�i�2�M�i�B�Q�M �Q�7 �T�m�#�H�B�+ �2�K�T�H�Q�v�2�2�b�X

�A�M�/�m�b�i�`�B���H ���M�/ �G���#�Q�` �_�2�H���i�B�Q�M�b �_�2�p�B�2�r �d�y�U�e�V�- �8�R�N���8�8�R�X

�J�Q�M���?���M�- ���X �U�k�y�R�y�V�X �S�m�#�H�B�+ �T�2�M�b�B�Q�M �T�H���M �`�2�7�Q�`�K�, �h�?�2 �H�2�;���H �7�`���K�2�r�Q�`�F�X�1�/�m�+���i�B�Q�M �6�B�M���M�+�2

���M�/ �S�Q�H�B�+�v �3�U�9�V�- �e�R�d���e�9�d�X

�J�Q�Q�/�v�- �C�X ���M�/ ���X �_���M�/���x�x�Q �U�k�y�k�y�V�X �>�B�/�/�2�M �2�/�m�+���i�B�Q�M �7�m�M�/�B�M�; �+�m�i�b�, �>�Q�r �;�`�Q�r�B�M�; �i�2���+�?�2�`

�T�2�M�b�B�Q�M �/�2�#�i �B�b �2���i�B�M�; �B�M�i�Q �F�@�R�k �2�/�m�+���i�B�Q�M �#�m�/�;�2�i�b�X �h�2�+�?�M�B�+���H �`�2�T�Q�`�i�- �1�[�m���#�H�2 �A�M�b�i�B�i�m�i�2�X

�L�B�- �a�X ���M�/ �J�X �S�Q�/�;�m�`�b�F�v �U�k�y�R�e�V�X �>�Q�r �i�2���+�?�2�`�b �`�2�b�T�Q�M�/ �i�Q �T�2�M�b�B�Q�M �b�v�b�i�2�K �B�M�+�2�M�i�B�p�2�b�, �L�2�r

�2�b�i�B�K���i�2�b ���M�/ �T�Q�H�B�+�v ���T�T�H�B�+���i�B�Q�M�b�X�C�Q�m�`�M���H �Q�7 �G���#�Q�` �1�+�Q�M�Q�K�B�+�b �j�9�U�9�V�- �R�y�d�8���R�R�y�9�X

�L�B�- �a�X�- �J�X �S�Q�/�;�m�`�b�F�v�- ���M�/ �s�X �q���M�;�X �U�7�Q�`�i�?�+�Q�K�B�M�;�V�X �h�2���+�?�2�` �T�2�M�b�B�Q�M �T�H���M �B�M�+�2�M�i�B�p�2�b�- �`�2�i�B�`�2�@

�K�2�M�i �/�2�+�B�b�B�Q�M�b�- ���M�/ �r�Q�`�F�7�Q�`�+�2 �[�m���H�B�i�v�X�C�Q�m�`�M���H �Q�7 �>�m�K���M �_�2�b�Q�m� �̀+�2�b�X

�a�i�Q�+�F�- �C�X �>�X ���M�/ �.�X ���X �q�B�b�2 �U�R�N�N�y�V�X �S�2�M�b�B�Q�M�b�- �i�?�2 �Q�T�i�B�Q�M �p���H�m�2 �Q�7 �r�Q�`�F�- ���M�/ �`�2�i�B�`�2�K�2�M�i�X

�1�+�Q�M�Q�K�2�i�`�B�+�� �8�3�U�8�V�- �R�R�8�R���R�R�3�y�X

�q�Q�Q�H�/�`�B�/�;�2�- �C�X �J�X �U�k�y�y�8�V�X �a�B�K�T�H�2 �b�Q�H�m�i�B�Q�M�b �i�Q �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b �T�`�Q�#�H�2�K �B�M �/�v�M���K�B�+�-

�M�Q�M�H�B�M�2���` �T���M�2�H �/���i�� �K�Q�/�2�H�b �r�B�i�? �m�M�Q�#�b�2�`�p�2�/ �?�2�i�2�`�Q�;�2�M�2�B�i�v�X�C�Q�m�`�M���H �Q�7 ���T�T�H�B�2�/ �1�+�Q�M�Q�@

�K�2�i�`�B�+�b �k�y�U�R�V�- �j�N���8�9�X

�k�N



���T�T�2�M�/�B�+�2�b

���T�T�2�M�/�B�t �� �a�i���i�B�b�i�B�+���H ���T�T�2�M�/�B�t

���X�R �L�m�K�2�`�B�+���H �*�Q�K�T�m�i���i�B�Q�M �Q�7 �_�2�i�B�`�2�K�2�M�i �S�`�Q�#���#�B�H�B�i�v

�*�Q�M�i�B�M�m�B�M�; �r�B�i�? �i�?�2 �M�Q�i���i�B�Q�M �7�`�Q�K �a�2�+�i�B�Q�M �9�- �/�2�M�Q�i�2f +
t = gt (r + )=K t (r + )�X �a�m�T�T�Q�b�2 �v�2���` �R

�B�b �i�?�2 �}�`�b�i �v�2���` �Q�7 �Q�m�` �b���K�T�H�2 �T�2�`�B�Q�/�- ���M�/ �v�2���` �L �B�b �i�?�2 �H���b�i �v�2���` �Q�7 �i�?�2 �b���K�T�H�2 �T�2�`�B�Q�/�X �.�2�@

�M�Q�i�2Vt1 ;t 2 = ( � t1 ; :::; � t2 )�-F +
t1 ;t 2

= ( f +
t1

; :::; f +
t2

)�X �h�?�2 �m�M�+�Q�M�/�B�i�B�Q�M���H �H�B�F�2�H�B�?�Q�Q�/ �U�m�M�+�Q�M�/�B�i�B�Q�M���H

�T�`�Q�#���#�B�H�B�i�v�V �i�?���i �i�2���+�?�2�` �B �+�?�Q�Q�b�2�b �i�Q �`�2�i�B�`�2 ���i �v�2���` �M(n < N ) �B�b

prob(V1;n 2 A i ) = prob[((V1;n� 1 > � F +
1;n� 1) \ (vn < � f +

n ))] �U���X�R�V

�h�?�2 �m�M�+�Q�M�/�B�i�B�Q�M���H �T�`�Q�#���#�B�H�B�i�v �i�?���i �i�2���+�?�2�` �B �+�?�Q�Q�b�2�b �i�Q �b�i���v �m�M�i�B�H �v�2���` �L �B�b

prob(V1;N 2 A i ) = prob[((V1;N > � F +
1;N )] �U���X�k�V

�h�?�2�b�2 �T�`�Q�#���#�B�H�B�i�B�2�b �/�2�T�2�M�/ �Q�M �T�2�M�b�B�Q�M �`�m�H�2�b�- �i�2���+�?�2�`�b�ö ���;�2 ���M�/ �2�t�T�2�`�B�2�M�+�2�- ���M�/ �b�i�`�m�+�i�m�`���H

�T���`���K�2�i�2�`�b(; k; k 1; �; �; � )�X �l�M�/�2�` �i�?�2 �M�Q�`�K���H�B�i�v ���b�b�m�K�T�i�B�Q�M �Q�7 �T�`�2�7�2�`�2�M�+�2 �2�`�`�Q�`�b�- �+�Q�K�T�m�i�B�M�;

�i�?�2 �T�`�Q�#���#�B�H�B�i�B�2�b �7�Q�` �i�?�2 �`�2�i�B�`�2�K�2�M�i �/�2�+�B�b�B�Q�M �K���/�2 �#�v �i�2���+�?�2�` �B �B�M�p�Q�H�p�2�b �� �?�B�;�? �/�B�K�2�M�b�B�Q�M���H

�M�m�K�2�`�B�+���H �B�M�i�2�;�`���i�B�Q�M �Q�7 �i�?�2 �+�Q�`�`�2�H���i�2�/ �T�`�2�7�2�`�2�M�+�2 �2�`�`�Q�`�bV �Q�p�2�` �i�?�2 �`�2�;�B�Q�MA i �- �7�Q�` �r�?�B�+�?

�r�2 �m�b�2 �i�?�2 �:�2�r�2�F�2���>���D�B�p���b�b�B�H�B�Q�m���E�2���M�2 �U�:�>�E�V ���H�;�Q�`�B�i�?�K�X �h�?�2 �:�>�E ���H�;�Q�`�B�i�?�K �i�`���M�b�7�Q�`�K�b

�i�?�2 �T�`�Q�#�H�2�K �Q�7 �?�B�;�? �/�B�K�2�M�b�B�Q�M���H �B�M�i�2�;�`���i�B�Q�M �i�Q �� �T�`�Q�#�H�2�K �Q�7 �b�2�[�m�2�M�i�B���H �Q�M�2�@�/�B�K�2�M�b�B�Q�M���H

�B�M�i�2�;�`���i�B�Q�M�b�X �6�Q�` �K�Q�`�2 ���T�T�H�B�+���i�B�Q�M�b �Q�7 �i�?�2 �:�>�E ���H�;�Q�`�B�i�?�K �b�2�2 �7�Q�` �2�t���K�T�H�2 �"�º�`�b�+�?�@�a�m�T���M

���M�/ �>���D�B�p���b�b�B�H�B�Q�m �U�R�N�N�j�V�X

�j�y



���X�k �*�2�M�b�Q�`�B�M�; �B�M �i�?�2 �"���b�2�H�B�M�2 �a���K�T�H�2

�h�?�2 �b���K�T�H�2 �2�t�+�H�m�/�2�b �i�?�Q�b�2 �i�2���+�?�2�`�b �r�?�Q�b�2 ���;�2 ���M�/ �2�t�T�2�`�B�2�M�+�2 �r�Q�m�H�/ �?���p�2 �T�m�i �i�?�2�K �B�M �Q�m�`

�b���K�T�H�2 �#�m�i �r�?�Q �+�?�Q�b�2 �i�Q �`�2�i�B�`�2 �#�2�7�Q�`�2 �Q�m�` �b���K�T�H�2 �T�2�`�B�Q�/�X �h�?�B�b �`�2�b�m�H�i�b �B�M �b���K�T�H�2 �b�2�H�2�+�i�B�Q�M

�#�B���b�X �a���K�T�H�2 �b�2�H�2�+�i�B�Q�M �#�B���b �Q�7 �i�?�B�b �b�Q�`�i �r�B�H�H �H�2���/ �i�Q �Q�p�2�`�T�`�2�/�B�+�i�B�Q�M �Q�7 �`�2�i�B�`�2�K�2�M�i �7�Q�` �`�2�H���i�B�p�2�H�v

�v�Q�m�M�; �i�2���+�?�2�`�b �U�L�B ���M�/ �S�Q�/�;�m�`�b�F�v�- �k�y�R�e�V�X �q�2 �+�Q�`�`�2�+�i �7�Q�` �b���K�T�H�2 �b�2�H�2�+�i�B�Q�M �#�B���b �B�M �Q�m�`

�#���b�2�H�B�M�2 �b���K�T�H�2 �#�v �m�b�B�M�; �+�Q�M�/�B�i�B�Q�M���H �T�`�Q�#���#�B�H�B�i�v �i�Q �+�Q�M�b�i�`�m�+�i �i�?�2 �H�B�F�2�H�B�?�Q�Q�/ �7�m�M�+�i�B�Q�M�X �h�?�2

�T�`�Q�#���#�B�H�B�i�v �Q�7 �i�2���+�?�2�`�b �`�2�i�B�`�B�M�; �B�M �Q�m�` �b���K�T�H�2 �T�2�`�B�Q�/ �B�b �#���b�2�/ �Q�M �i�?�2 �+�Q�M�/�B�i�B�Q�M �i�?���i �i�2���+�?�2�`�b

���`�2 �M�Q�i �`�2�i�B�`�2�/ ���i �i�?�2 �#�2�;�B�M�M�B�M�; �Q�7 �b���K�T�H�2 �T�2�`�B�Q�/�X

�a�m�T�T�Q�b�2 �B�M �i�?�2 �}�`�b�i �v�2���` �Q�7 �Q�m�` �b���K�T�H�2 �T�2�`�B�Q�/�- �i�2���+�?�2�` �B �r���b �2�H�B�;�B�#�H�2 �7�Q�` �`�2�i�B�`�2�K�2�M�i �C �v�2���`�b

���;�Q�X �h�?�2 �T�`�Q�#���#�B�H�B�i�v �Q�7 �i�2���+�?�2�` �B �`�2�i�B�`�B�M�; ���i �i�B�K�2 �M�I�L �+�Q�M�/�B�i�B�Q�M���H �Q�M �#�2�B�M�; �B�M �i�?�2 �b���K�T�H�2 �B�b�,

prob(V1;n 2 A i j appearing in sample)

= Prob(retiring at n j appearing in sample)

= P rob (retiring at n & appearing in sample )
P rob (appearing in sample )

= Prob[((V1;n� 1 > � F +
1;n� 1) \ (vn < � f +

n )) j V� J;0 > � F +
� J;0]

=
P rob[(V� J;n � 1> � F +

� J;n � 1 )\ (vn < � f +
n ) ]

P rob(V� J; 0> � F +
� J; 0 )

�h�?�2 �+�Q�M�/�B�i�B�Q�M���H �T�`�Q�#���#�B�H�B�i�v �Q�7 �i�2���+�?�2�` �B �+�?�Q�Q�b�2�b �i�Q �b�i���v �m�M�i�B�H �i�?�2 �2�M�/ �Q�7 �b���K�T�H�2 �T�2�`�B�Q�/ �L

�B�b�,

prob(V1;N 2 A i j appearing in sample)

= Prob(staying at N j appearing in sample)

= P rob (staying at N & appearing in sample )
P rob (appearing in sample )

= Prob[((V1;N > � F +
1;N )) j V� J;0 > � F +

� J;0]

=
P rob[(V� J;N > � F +

� J;N )) ]

P rob(V� J; 0> � F +
� J; 0 )

�:�B�p�2�M �i�?�2 �Q�#�b�2�`�p���i�B�Q�M�b �Q�7 �i�2���+�?�2�`�bi = 1; :::; I �r�?�Q �`�2�i�B�`�2�/ �/�m�`�B�M�; �i�?�2 �b���K�T�H�2 �T�2�`�B�Q�/ �U���i

ni < N �V �Q�` �M�Q�i �`�2�i�B�`�2�/ �m�M�i�B�H �i�?�2 �2�M�/ �Q�7 �i�?�2 �b���K�T�H�2 �T�2�`�B�Q�/ �Uni = N �V�- �i�?�2 �+�Q�M�/�B�i�B�Q�M���H �H�B�F�2�H�B�?�Q�Q�/

�j�R



�7�Q�` �i�?�2 �r�?�Q�H�2 �b���K�T�H�2 �B�b

L(; k; k 1; �; �; � ) =
IY

i =1

prob(V1;n i 2 A i j appearing in sample): �U���X�j�V

�q�2 �m�b�2 �i�?�2 �H�B�F�2�H�B�?�Q�Q�/ �B�M �2�[�m���i�B�Q�M �U���X�j�V �i�Q �2�b�i�B�K���i�2 �Q�m�` �b�i�`�m�+�i�m�`���H �K�Q�/�2�H�X

���T�T�2�M�/�B�t �" �:�Q�Q�/�M�2�b�b �Q�7 �6�B�i

�"�X�R �A�M�@�a���K�T�H�2 �:�Q�Q�/�M�2�b�b �Q�7 �6�B�i

�6�B�;�m�`�2 �"�R �`�2�T�Q�`�i�b �i�?�2 �Q�#�b�2�`�p�2�/ ���M�/ �T�`�2�/�B�+�i�2�/ �/�B�b�i�`�B�#�m�i�B�Q�M�b �Q�7 ���;�2�- �2�t�T�2�`�B�2�M�+�2�- ���M�/ �i�?�2 �b�m�K

�Q�7 ���;�2 ���M�/ �2�t�T�2�`�B�2�M�+�2 �7�Q�` �`�2�i�B�`�2�/ �i�2���+�?�2�`�b�X �h�?�2�`�2 �B�b �� �b�?���`�T �b�T�B�F�2 ���i �3�8 ���M�/ �3�e �`�2�~�2�+�i�B�M�; �i�?�2

�ó�_�m�H�2 �Q�7 �3�8�ô �U�B�X�2�X�- ���;�2 �Y �2�t�T�2�`�B�2�M�+�2 �4 �3�8�V �Q�T�i�B�Q�M �7�Q�` �`�2�;�m�H���` �`�2�i�B�`�2�K�2�M�i�X �q�?�B�H�2 �i�?�2 �Q�#�b�2�`�p�2�/

���;�2 ���M�/ �2�t�T�2�`�B�2�M�+�2 �/�B�b�i�`�B�#�m�i�B�Q�M�b ���`�2 �b�Q�K�2�r�?���i �+�?�Q�T�T�v �#�2�+���m�b�2 �Q�7 �i�?�2 �`�2�H���i�B�p�2�H�v �b�K���H�H �b���K�T�H�2

�b�B�x�2�b �U�T���`�i�B�+�m�H���`�H�v �7�Q�` �K���H�2 �i�2���+�?�2�`�b�-�V �Q�p�2�`���H�H �i�?�2�v ���`�2 �B�M �H�B�M�2 �r�B�i�? �i�?�2 �T�`�2�/�B�+�i�2�/ �/�B�b�i�`�B�#�m�i�B�Q�M�b�X

���H�H �i�?�2 ���#�Q�p�2 �}�;�m�`�2�b �b�?�Q�r �i�?���i �i�?�2 �K�Q�/�2�H �M�B�+�2�H�v �K�B�K�B�+�b �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �#�Q�i�? ���;�2 ���M�/
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