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APPENDIX A. INTRODUCTION

Recall that in the univariate case, the first-order asymptotic result is
p(l —p)
(g e (02022,
' [f(&)]
and thus the Studentized test statistic (under the null) for X is
x V(K= &)
SVl —p)

n
2m

For bivariate, assume that there are independent samples of X and Y, each with n observations. The
goal is to test if §, , = &, . Under the null hypothesis Hy : §,, = &,y = &p, the first-order asymptotic result

where

Sﬁ,n - (Xn,r—l—m - Xn,r—m) i> gac<p)
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(1) \/E(an - gp) - \/E(an - gp) i> N (O7p(1 - p)(f);g + f}j2)) ;

using the fact that the variance of the sum (or difference) of two independent normals is the sum of the
variances. The pivot for the bivariate case is then

\/F(an - an) d
) VIFx ()] 72 + [fy(§)]72 /(1 - ey

with the Studentized version using the sample estimates of fx and fy by the same quantile spacing
estimator as in the univariate case,

Tm . \/F(an — Ym")
\/(n/(2m))2(Xn,r+m - Xn,rfm) (n/( )) ( nrtm — Y- m \/p -

This is the test statistic I expand below.
For notation, there are now new terms associated with Y, and occasionally the X term will have an
“X” added as a sub- or superscript to clarify:

fx : was just f, the population pdf
fy : the Y equivalent of fx

Epe * Was just &,

Npe * Was just 1,

Epy © the Y equivalent of &,

Npy : the Y equivalent of 7,

a; : the Y equivalent of a;

ga  Was g(p)

9e 9x : were g'(p), g7 (p)
gy : the Y equivalent of g, (so, short for g,(p))

9,9, : the Y equivalent of g;, g,
V,; : the Y equivalent of A;
d; : the Y equivalent of D; = /n'A;
So @ no longer just 1/f(&,); see below

Spn + different (includes Y now); see below.

Note that while p is, of course, the same for X and Y, fy can be different from fyﬂ which means that g,
and its derivatives can be different from those for Y and likewise for the a; different from af. I do assume,
though, that the X and Y are independent, so that A; I V,; and D; 1 ;. Finally, while the paper uses
tildes to distinguish univariate and bivariate results (e.g., Sy and So), tildes are omitted here since only
the bivariate case is treated.

I Assuming exchangeability, they would be the same, and a pooled estimator could be used. Exchangeability (under the
null) is a strong assumption but maintained by permutation tests, for example.
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APPENDIX B. EDGEWORTH EXPANSION (PROOF)

Similar to the univariate case, parameterizing &,, = & + 7/,
Xor — Y,
P(T,,<z)=P Vi (Ko = Yor) <z
Smn V p(l - p)
. \/E(an - épx) - ﬁ(ynr - épy) + \/ﬁ(gpw - fpy)
=P <z
Smn V p(l - p)
- p \/F(an - gpm) — \/F(an - §py) -7 < 2
Smn V p(l - p)

(VX = &) = VA Yir =) (S S) =D ) |
Smn \V p(l _p) SO p(l _p)
Define
(4) Z = p<1 - p) [\/F(an - 77pz> - \/F(an - npy) + ’7((Smn/S0) - 1)} /7:

= [V (Xar = 1) = VI (Yor = 1) + 7((San/ S0) — 1)]

X [(n/(zm))2(Xn,r+m - Xn,rfm>2 + (n/(2m>)2(Yn,r+m - Yn,r*m>2}
= [1Shn-

—-1/2

B.1. Centering. As in the univariate case, I first treat the centering issue. Using the univariate results
and notation/definitions,

€n = |np| +1 —np,
Npx = Spcc + n_l[en -1+ %(1 - p)]/fx(gpiﬁ) + O(n_2)a
i()(n,r+m - Xn,rfm) =gz + Op(mil/2 + m2/n2)7

2m
SO

2 n 2 1/2
nr+m - Xn,rfm)> + (%(Yn,ﬂrm - YTL,T*WL)) :|

[ Gz + O m~1/2 + m2/n )) (gy + Op(mfl/Q i mg/n2))2] 1/2
= [92

+9y + 0, ~1/2 —|—m2/n2)}
= (92 +95)"% + Op( T2 m? n?)
= Sy 4 O, (m~1% 4 m?/n?),
Vn (X — &pz) — v (Yo, — Epy) = Vn (X — Tpz) — Vi (Yo, — Tpy) + \/F(npm = &po = (Mpy — &py)),
(npz - gpx) - (npy - gpy) = n_l[en -1+ %(1 —p)](g — gy) + O(n_Q)v

\/F[(npac - gpa:; - (npy — fpy)] _ 1\15 E [TL — 141 (1 p)](gx . gy) + O(TL_2)}
1 g[fn ;( —p)] (9e gy) —3/2
=n p(l—p) 5 +0(n=3/?)
_ n—1/2 [671 -1+ %(1 - p)] (gw - gy) + O(n_3/2)

p(1—p)  So+Op(m~'/2+m?/n?)

—p-l2 e, — 1+ %(1 - p)l (9= — 9y) i op(mfl i m2/n2)

p(1—p) So
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=n"2w, + o,(m™ + m?/n?),
with
[en = 1451 = p)l(g= — gy)
Sov/p(1—p) .

As in the univariate case, the final distribution will need to subtract n~/?w,¢(z), the only difference
being that w, has a different definition in the bivariate case.

Wnp,

B.2. Numerator of Z. From the univariate results, v/n'(Xpr — Mpz) + Y((Smn/So) — 1) = v/n[(As +
Az)a; + (1/2)(Ag + Az)%ay + O,(n™%/?)] + qv in (32) of the main appendix (working paper version), and
from (31), X, — Mpe = (Aa + Az)ay + (1/2)(Ag + Asz)%ay + O, (n~3/2). For the bivariate case, subtracting
the Y term, «/n'(Y,, — 1), yields
VI (X = 1pe) = V1 (Yor = 1py) +7((Smn/So) — 1)
= Vnlay (B + As) — ay (Vo + V) + (1/2)(Az + Ag)*az — (1/2) (V2 + V3)%ay)
+0p(n™") +7((Smn/So) — 1),
where Y((Symn/So) — 1) is different than the univariate v but still 0,(1). As derived and defined below,

(Spn/So) —1=1/2 — /8.
B.3. Denominator of Z. The denominator portion of Z (where Z=NumxDenom) is the term

[(0/(2m))*(Xnrrm = Xnr)® + (0 2m))2 Vo — Yorom)?]

Note that
(1+2)72 = 1712 4 a(=(1/2)17%7) + (1/2)2*((3/4)17°%) + O ()
=1-2/2+ (3/8)2” + O(a?).
Since the numerator of Z is O,(1), the denominator has remainder the same as R = O,(n~"/2m=/2 +
n=32m 4+ m™2 + (m/n)*€) = O,(n~"[m~! + m?/n?]) as shown in HS88. This means any higher-order
terms inside the square root in the denominator will end up in the overall remainder R from Z =Y + R

if they are of the same (or smaller) order as R.

From the univariate case ((33) and (34) in working paper main appendix), in the new notation,
/"
5 (X = Xnom) = go + (m/n)? %+ O((m/n)** + ™) = (n/m)(ar/2)(D1 + Ao)

— ;—2(A1 + Ay 4 2A3) + Oy (n~V2m =2 4 73 2m),
p

and thus similarly,

n g// . - /

5 Yrtm = Yorom) = gy + (m/n)*=- + O((m/n)** +n77) = (n/m) (a1 /2) (V1 + V)
— ;—;(Vl + Vo +2V3) 4+ O, (n2m ™2 4 n=32m).

Let (temporarily)

n
A= — an m_anfm
L (Xt = Xnpm)

n
B=_— an m_anfm
" (Yrtm = Yor-m)

S = (A?+ %)%,
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then
A? = gi + O(m* /n*) + O((m/n)*™ +n71)% + (n?/m?)(ai /4) (A1 + As)?
+ (a2/(4p*) (A1 + Ag + 2A3)% + Oy (n~2m =V 4 =3/ 2m)?
+2g,(m/n)*(g7/6) + 29,0((m/n)** +n") — 2g,(n/m)(a1/2)(A1 + Ag)

— 2gx;—;(A1 + Ay + 2A3) + 29,0, (n2m V2 4 mn=3/?)
+2(m/n)*(g;/6)0((m/n)** +n7") — 2(m/n)2(92/6)(n/m)(a1/2)(A1 + Ay)
—2(m/n)*(¢}/6)(as/(20)) (A1 + As + 283) + 2(m/n)*(g; /6)Op(n~Pm= 2 4 mn~2/2)
+20((m/n)** + n™H0,((n/m)(v/m /n) — n~Y? + n=2m=Y2 L mn=3/2)

+ 2(n/m)(a1/2)(A1 + AQ)(GQ/(QP))(Al + AQ + 2A3)

—2(n/m)(a/2)(A1 + A2)O,(n Y 2m ™V 4 mn~3/?)
— 2(az/(2p)) (A1 4 Ag + 2A3)0,(m ™20 =Y2 - mp=3/2)
= gz + (n/m)*(ai [A) (A1 + A2)* + (a3/(4p)) (A1 + Ag + 24;)
+2(m/n)*(9:97/6) — 2(n/m)g.(a1/2)(A1 + Ay)
—2(a2/(2p))g2(A1 + As + 24A3)
= 2(m/n)(a1/2)(97/6)(A1 + Do) — 2(m/n)*(az/(2p))(d;/6) (A1 + Az + 24;)
+2(n/m)(araz/(4p)) (A1 + A2) (A1 + Ag + 2A;)
+0 (m4/n4 + (m/n)4+8€+62 +n2 4 (m/n)2+€n_1 +ntml 4 an_5)
+Op(Vmn ™ + (m/n)** + 7 4 07 Pm 72
+ Op(mn’?’/2 +m*n=3 + m3 P2 mn T2
O,((m/n)*  m=1% 4 m_l/zn_l + (m/n)* e mn =32 4 mn=%?)
Op((n/m)(vm' [n)(n™ m=Y2 4 mn=2) —m™2n~" —mn?)
= gz + (n/m)*(ai/4) (A1 + A2) +2(m/n)*(g:9;/6) — 2(n/m)ga(ar/2)(Ar + Ag)
— 2(a2 /(20) g0 (A1 4 Ay 4 2A3) + O (0~ 2m ™2 4 mn =2 + (m/n)*)
= g2+ Apo + Op(n~Pm™Y2 - mn 32 4 (m/n)*te),
where the higher-order terms A, = O,(m~/2), A2 = O,(m™'), but A3 = O,(m~%?) which will be
in the remainder. Thus, we can cut off our expansion of the inverse square root with the cube term:
(1+2)"Y2=1-2/2+ (3/8)z% + O(a?), since again the numerator of Z is O,(1).

Which terms in A2 will be kept (i.e., not end up in the remainder)? Since the biggest term in Ay, is
Op(rrfl/Q)7 any given term within Ay, will not appear in A2, if the term would be in m'/?R:

(n/m) (@)D + A = Opfm ™), in ml/2R
2(m/n)*(9.94/6) = Op(m*/n*) = m' 0, (mn~**\/m/n) < m"*R
—2(n/m)(a1/2)g.(A1 + Ay) = Oy(m™?) = keep in square term
—2(a/(2p))g2(A1 + Ay + 2A3) = O, (n~Y?) = m'/?R.
Simplifying some again,
A2 =g+ A+ R
= g2 + 292 {(m/n)*(g;/6) — (n/m)(a1/2)(Ar + Az) — [az/(2p)](Ar + Az + 2A3) }
+ (n/m)*(al/4) (A + Ag)? + R,
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and symmetrically,
B* = g, + 2g, {(m/n)*(g,/6) — (n/m)(a}/2)(V1 + V2) — [a5/(2p)](V1 + V2 + 2V3) }
+ (n/m)?*((a})?/4) (Vi + V3)* + R.
Summing,
A+ B = (g; +g,)

9z 20 1
Lo ((m/m)2(62/6) = (n/m) a1/2) (A1 + Do) = (a2 (20)) (D + B +25) )

B Y

X

+ (n/m)*(ai/4) (A1 + D2)*/(g; + 9,)

9y 20 1 / /
g ((m/n) (9,/6) — (n/m)(a}/2)(Vi + Va) — (ay/(2p)) (V1 + Vo + 2v3))

+ (n/m)*((a1)*/4)(V1 + V2)*/(g; + g,)

= (g2 + g1 + 7],
where 7 is implicitly defined.

Note that S,,, = VA2 + B2 = \/(Q%+9§)(1+5)‘: V92 +9; V147, and Sy = /g7 + g7, so
Smn/SOZ V1+D

Now,

(14+2)Y2 =12 4 2((1/2)17Y2) + (1/2)a*(—=(1/)172) + O(2®) = 1 + x/2 — 22 /8 + O(a?),

(Spn/S0) —1=V1+0 —1=0/2—*/8+ O(P).

Again, 7% = O,(m™%?) is in the remainder R, and the only term not in R in 72 is the O,(m™!) square
terms and X-Y cross term:

7 = 4% (0 m)? (@3 /) (D1 + Do)® + 425 (n/m)?((a}?/4)(Vy + Vo)

So So
n 892,%’ (n/m)*(a1d,/4) (A + A)(V1 + V) + R,
0
SO
Smn 1 5 _~2 ~3
1=0/2-v"/8+4 0O(7°)
So

= (1/2)(n/m)*(1/So)(1/4)[a1 (A1 + Ao)* + (a))* (V1 + V2)’]

+(1/85) | (m/n)*(1/6)(929 + 9y9y) — (n/m)(1/2)(a1(A1 + A2)gs + a} (Vi + V2)g,)

— (1/(2p))(gxa2(A1 + AQ + 2A3) + gya'Z(Vl + Vg + 2V3))

— Sy H(1/8)(n*/m?)
X [g2af(Ar 4+ Ag)® + g5(a))* (V1 + Va)? + 2g.gya1a1 (A1 + Ag) (V1 + Va)| + R.
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As opposed to 1+ 7 =1+7/2 —%/8 + O(5?), recall (1+0)"/2=1—-15/2+(3/8)5% — O(7%), so

(5) Spn = (A + B2 = [(g2 + gp) (1 +2)] /2

(6) = Sio(1+ﬁ)1/2 = %0(1—5/2+(3/8)z72)+3.

B.4. Combining Numerator and Denominator of Z. Recall

Numerator = v/n[a;(Ay + Az)] — @} (Vo + V3) + (1/2)(Ag + Az)ay — (1/2)(Va + V3)?a))]
+90(#/2) = (7%/8)] + Op(n7")

—a) _ G2 2
p (Vs + V3) 2p(A2 + Ag)” +

(VQ + Vg)

/
[T A L
pn p(2+ 3) %

(P (7/2) = (P8)] + Oyl

= —pn'/? (0 = (v/(pn'*)[(7/2) = (7*/8)]) + Op(n™"),

where © is implicitly defined.

Thus
Z = [\/F(Xm — M) — \/F(an — Tpy) + Y((Smn/So) — 1)}
~1/2
X [(n/(Qm))2(Xn7r+m - Xn,r‘—m)z + (n/(2m))2(Yn,r+m - Yn,r—m)z} Y
_ . -
el Y (PPN L 3,
pn _@ pn1/2<2 8)} A 2+81/ +R
- o .
— 2 lo_w(¥Y_ U v 3
pn _@ \11(2 8)}(1 2+8V + R
= —pn'/? _@—92+§@ﬁ2—\112+1115—2+1115—2 +O0,(7*) + R
- 2" 8 2 '8 T g
I % 3
= —pm!'/? e — g(@ + ) + g52(@ + \If)] + R,
where

0 =06/S,
:(_al)(Ag—i—Ag) ( I)(Vﬁvg)

pS() pSO

Lo (20 a a2 — 2 (29) (v, 4 vy
2a, pSO 2 5 2a} \ pSo 2 3

=_ 7
= pnl/QSO.

Calculations now must be done to get O, ¥, O0?, etc. In the univariate case, we had —a;/(pg(p)) =
14+ O(n™'), but now Sy # g,, so instead we have

—a1/(pSo) = —(a1/(92))(9:/S0) = (1 + O(n™"))(9:/50) = g2/ So + O(n™").
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To recap:
Z = —pn'?[0 — (7/2)(0 + ) + (3/8)7*(© + V)] + R,
© = (—a1/(p%)) (A2 + Az) — (—ai/(pSH)) (V2 + V3)
+ (az/(2a1))(—ar/(pSo)) (Ag + Az)* — (a5/(241))(—d’ /(pS0)) (V2 + V3)?
= [(92/S0) (A2 + Az) — (g,/50) (V2 + V3)]
+[(a2/(201))(92/50) (D2 + A3)* — (ab/(201))(9y/S0) (Va2 + V3)*] + Op(n™*?)
= [01] + [02] + Op(n~*?),
7/2 = (1/2)(n/m)?Sy*(1/4)[a3 (A1 + As)? + (a})* (V1 + V2)?]
+ 55 2[(m/n)*(1/6) (9,95 + 9ygy) — (n/m)(1/2)(a1gx(A1 + Ag) + dig,(V1 + V2))
— (1/(2p))(g2a2(A1 + Ag + 2A3) + gyay(Vi + Vi + 2V3))]

= 502{(1/8)(n/m)2[a3(ﬁl + Ao)* + (a4)* (Vi + Vo)’ + (m/n)*(1/6)(9:9, + 949)
— (n/m)(1/2)[arga (A1 + Ag) + dig, (V1 + V2)]
— (1/(2p))[gea2(A1 4+ Ay + 2A3) + gya5(V1 + Vi + 2%)]}

= Sy {01 + In — 3 — Du},

(3/8)0° = (3/8)Sy "(n/m)?[g2at (A1 + Do) + g;(a})* (V1 + Va)? + 20950107 (A1 + A2)(V1 + Va)].

Note the orders of terms appearing above:

Our terms in Z are then
(7/2)(© + W) = Sy 2(n + 11y — 5 — 14)(O1 + Oy + V), keep if >n"Y2R,
= S32[(1(O1 + W) + 05(01 + V) — (O + T) — 74(O; + V)]
+n 7 20,(m Y2 4 (mP )T - m T2 oY),
(3/8)%(© + W) = (again, Oy —remainder) = (3/8)7*(0; + V).
Adding together,

O-2(0+1)+ 320 + )

8
_ Y % a2 Go 2 Gy gy 2
= - (Ay + A3) S (Va4 V3) + 20, S, (As + A3) 20l S, (Vo + V3)

_ 502{%(n/m)2[af(A1 + D)% + (a})2 (V1 + VQ)Q][%Z(AZ +Ag) — %Z(Vz + V3) + V]
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+ (m/n)’ (gzgm + 9y 9y )(92/50) (A2 + Asz) — (g9y/S0)(Va + V3) + V]
(1/2)(n/m) [a192 (A1 + Ag) + a9y (V1 + Vy)]

X [(92/S0) (A2 + Az) — (9y/50) (V2 + V3) + Y]
(1/(2]) )[gxag(Al + AQ + 2A3) -+ gyag(vl + VQ + 2V3)]

X [(92/S0)(Ag + Az) — (9y/50) (V2 + V3) + ‘Ij]}

+ (3/8)Sy (n/m)?[g2a7 (A1 + Do) + g2(ah)* (V1 + V2)? + 2¢agya10a7 (A1 + As) (V1 + V3]
X [(92/S0) (A2 + Az) — (9y/50) (V2 + V3) + V]

=I5 Ayt Ay) — LV, + V) + —29i<A2 LAy - 29y, 4 v,
SO 2&1 SO

- s*{ a/g)nmy

x (200050 (A1 + ) (Dg + Ag) — {0,/ S0) (A1 + Do)*(T + V) + a2 + )20
+(a1)%(92/90) (V1 + V)2 (Ag + Ag) — (a1)*(g,/S0) (V1 + V2)*(Va + V)
4 (a))2(V + v2)2qf}
+ (m/n)*(1/6)(gags + 9u9y)(9=/S0) (D + As)
— (m/n)*(1/6)(929; + 949, )(9y/50) (V2 + V3)
+ (m/n)*(1/6)(9=9y + 9y9,) ¥
— (1/2)(n/m) [(4193/50)(A1 + A2) (A + Az) — (a19:9y/50) (A1 + A3) (V2 + V3)
+ a19: (A1 + A2) W + (a) 929,/ 50) (V1 + Va)(Ag + Aj)
— (6162/50) (V1 + V) (V2 + V) + i, (V1 + V)9
- (1/(2p)) [(QQQJC/SO)(Al + Ag + 2A3) (A2 + A3) — (a2929y/50) (A1 + Ag + 2A3)(Va + V3)
+ a9, (A1 4 Ay + 283) W + (a5929y/S0) (V1 + Vo + 2V3)(Ag + Ag)

— (a592/50)(V1 + V2 4 2V3)(Va + V3) 4 a5g, (V1 + Vo + 2V3)\If] }
+(3/8)S; ! (n/m)?
X |(a3g3/S0) (A1 + D2)*(As + Ag) — (a929,/S0) (A1 + D9)* (Vo + V) + aigi (A + Ay)* W

+ ((a1)*9292/S0) (V1 + V2)2(Ag + Az) — ((a})%g; /So) (V1 + V2)?(Va + Vs)
+ (a))?g5 (V1 + Vo)W

+ (20101929, /S0) (A1 + D) (V1 + V) (Ag + Ay)

— 2010} 9,955 (A1 + A2) (V1 4 V2)(V2 + V)

+ 2410 g9, (A1 + Do) (V1 + Vo) ¥

= (92/50) (A2 + Az) — (9,/50)(Va + V3)
+ (a2/(2a1))(ga/S0) (A3 + 285A3) — (ah/(2a7))(gy/S0) (V3 + 2V V3)

- 502{<1/8><n/m>2
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[alng YA+ Ag)2As — a2g, S5 (Ar + Ag)2 V5 + a2(Ay + Ag)2
+ ( ) mS (V1 + VQ) Ag — (al) gyS (Vl + VQ) Vg + (al) (V1 + VQ)Q\I/

+ (m/n)*(1/6)(9:9z + 949,)[(92/S0) As — (9,/S0) V3 + V]

- (1/2)(n/m)| - |

—(1/(2p))
[agg S (QAg + AlAg + 3A2A3) CLQngyS (2A3V3 -+ A V3 + Ang + 2A3V2)

+ a2gs (A1 + A + 2A3)0 + a49,9,5; (V1 + Va) Az + 2A3V;3 4+ 2A,V3)

— ayg, Sy ' (2V3 4 ViVs + 3V, Vi) 4 ahg, (Vi + Vo + 2V3)\If} }

+(3/8)Sg (n/m)?
[@19 Sy (A1 + D2)* Ay — aigz9,Sy (A1 + A2)* Vi + aigy (A1 + Dg)* T
+ (a})? gxgyS (V14 V3)2As — (a1)2 355 H V1 + V2)?V3 + (a)? gy(v1 + V3)2U
+2a10,929,55 (A1 + Ag) (V) + V) Ay — 2a1algxg S (AL + Ag) (Vi + V) V3
+ 24101929, (A1 + Do) (V1 + Vg)\lf]
+n 2R,

Note that while HS88 used the form (1 +6)(Ay + Aj) for the “first-order” term in Y, I will only include
the actual first-order terms (9 is higher-order) for clarity. Organizing the terms by order,

Z=Y +R,
Y = —pn'’[A+ B,

A = (95/5)(As + Asz) — (9,/50)(V2+ V3),
B = DB, + By + B3 + By + Bs,

where

By = (az/(2a1))(gz/S0) A5 — (a5/(2a1))(gy/ S0)V
+85%(1/2)(n/m)

[alng YA+ Ag)Ay — a19.9,S5 (A1 + A9)Va + a1 99,5, (Vi + Va) Ay
~ dig285 (V1 + V2) V3
+ (2pS5)~ |:CL2ng 2A% — a99.9,5; 1283V 3 + 2029, A3V
+ a59.9,Sy 12A3V3 — a2gQS 12V3 + 2a’29yv3\11],

By = (az/(2a1))(92/590)282A3 — (ay/(2a1))(gy/50)(2V2V3)
+ (2pSg) "

[aggxs YALAs + 385A3) — a3050,S5 (A1V5 + AaVs + 2A5V5) + 4200 (A1 + Ay) T
500,55 (202V5 + Ay (V1 + V2)) — dhg2S5 (V1 Vs + BVaVs) + dhgy (V1 + Va) ¥,
By = —(1/8)Sy2(n/m)?
[algxs HAL+ A9)2 A5 — a2g,S5 (A + D2)2V5 + a2(Ay + Ay)2W
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+()200S5 (V1 + V)2 A3 — (0,)g, S5 (V1 + V2)2V5 + (a))2(V + vz)%p]
+(1/8)55*(n/m)?
35y 2a3 g2 S (AL + Ag)? Az — 35, %aTg29,5y (A1 + A2)*Vs + 3a3g2S, 2 (Ar + Ag)* W
+3572(01)%9:9250 (V1 + Va)? Ay — 3552 (a))?g5Sy (V1 + V) Vs
+35,2(d})?g (V1 + V2)2V + 35, 22a,1a, 929,55, (A1 + Ag) (V1 + Vi) Ay
— 357 22010}022Sy (A1 + Do) (Vi + Vi) Vs + 355 22010, 9.9, (A1 + Ao) (V5 + vm] ,

By = S5%(1/2)(n/m) [alng (A1 + A9)Az — 419,955 (AL + A9) Vs + a19. (A1 + Ag)W

+ @009y S5 (V1 + Vo) Ag — dig2S5 (V1 + Vo) Vs + a}g,(Vy + V) ¥ ]
Bs = —(1/6)Sy (m/n)*(ga9s + 9y9y) (925 ' Az — 9,55 ' Vs + W),
where
Op(n™h),
(m1/2 73/2)
(m—l —1/2)
(m—1/2 —1/2)
Op(m*n=>/).
Here, clearly By = 0,(B4), and it turns out that B, is the largest of all, which can be shown if B; in

turn is larger than the other three terms. For this, recall that from HS88, O(mn~%/2) was shown to be
o(m™ + (m/n)?), which implies that O(y/n'/m) = o(1) and O(m?n=3/2) = o(1). Thus,

By =0, (%n_l> = 0(1)0y(B1),

Bs; =0, <£n_1) = 0o(1)0,(By),

m

Bs = Op<m2n_3/2”_l) = 0(1)Op(By),

so in terms of order, By > By > B,, B3, Bs.

B.5. Calculate moments of Y. As before, the next step is calculating

El(—p~'Y) = E[n"*(A+ B)"] = E[n"?(A* + (A" B + (£(¢ — 1)/2)A*2B* + O(A“*B?))]
= E[n'? A" + E[in*? A" B] + E[(0(0 — 1)/2)n?A* 2B + O(n*?E(A*3B?))
= 21(0) + z(0) + z3(0) + o(m™" + (m/n)?),

keeping the same z; notation as in HSS8S.

B.6. z(f), L and its characteristic function, and the inverse Fourier—Stieltjes transform thereof.
Looking ahead, all the operations the rest of the proof are linear, so this term will remain additively sep-
arable. In the next step, it will become the univariate L term. The cumulant generating function of L
is then expanded to approximate the characteristic function of L, and then the inverse Fourier—Stieltjes
transform is taken. To get the proper higher-order terms (and check the remainder), four moments of L
need to be calculated.
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Similar to the univariate case, and using notation ; = /n'V;, define
= —[p/(1 —p)]"/*n'/?A
= —[p/(1 = p)"*n"*[(g2/S0) (Dg + Ag) — (94/50)(Va + V3)]
—[p/(1 = p)I"*[(92/50) (D2 + Ds) — (gy/S0)(Az + 3)],

so that (below) the characteristic function of L is the first additive part of the characteristic function of
K (defined below).

First moment,
E(L) = =[p/(1 = p)]'*E[(9./S0)(D2 + Ds) — (g,/50)(dz + d3)] = 0

since the D; and d; are all mean zero.
Second moment,

E(L?) = {=[p/(1 = p))'*}’E[((9:/50) (D2 + Ds) = (g,/50) (s + ds))?]
ﬁan[(gg/Sg)(Ag + A3)? + (95/55)(Va + Vis)® = 2(929,/55) (Ag + A3) (V2 + V)]

=2 pn[(gi/SS)((l - p)/(np) +0(n™%)) + (g,/5)((1 = p)/ (np) + O(n"?)) — 0]

1—
_ /(1= P — p)/r %+0<*>
=1+0(n),

using the result from the univariate case that E[(As + A3)?] = (1 — p)/(np) + O(n™2), the fact that
E(A;V;) =0 for any 4, j due to independence and having (individual) means of zero, the fact that the d;

have the same moments as D;, and the definition Sy = /g2 + g7 .

Third moment, using the result from the univariate proof that E[(Dy + D3)%] = n=Y2(1 —p)(1+p)/p* +
O(n=3/?), and again the properties of independence and mean zero and equivalent moments of D; and d;,

E(L*) = {=[p/(1 = p)]'*}*E[((9a/S0) (D2 + D3) — (g,/50)(dz + ds))?]
= —[p/(1 = p)I**{(42/S3) E[(D2 + D3)*] = 3(g29,/58) E[(D2 + D3)*(dz + ds)]
+ 3(929;/S0)E[(D2 + Ds) (A, + d3)%] — (g,/S5) E[(d2 + A3)°]}
—[p/ (1= p)*[(g3/S3) (n*(1 = p)(1 +p)/p* + O(n~*/*)) =0 40
—(g3/S) (™ V2(1 = p) (1 +p)/p* + O(n~*?))]

3292 — gy —12(1 p)(1+p) ~3/2
(1= e P LD g

e 14D g9y ~3/2
=-n /\/Zﬁ 5 +0(n=??).
Fourth moment, using prior result that E[(Dy + D3)*] = 3(1 —p)?p~2 + O(n™1),
E(L*) = {—[p/(1 = p)]'*}*E[((9:/50)(D2 + Ds) — (g,/5) (A + d3))*]
=p*(1—p)~ 2{(91/54) (D2 + Ds)"] = 4(929,/50) El(D2 + D3)* (s + )]
+6(9392/55) El(D2 + D3)*(da + A3)?] — 4(g.9,/50) E[(D2 + D3)(A; + d3)°|
+(g,/S0)E[(2 + A3)"]}

== )T B =P + 0] = 40 +0)

46291~ )y + O (1 - p)fp + Oyl )
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9z + 9y N 2939,
So So

=p*(1—p) 23(1 —p)’p? { } +0(n™1)
=3+0(n™").

Writing k; for the ith cumulant and g for the ith moment (and using their relationships), in a manner
similar to the univariate case,

=
= (it)%l — (t2/2)/€2 + %/ﬂg + O(H4)
= (it — (2/2)(05 ~ (1)) + oy + O
=0—(*/2)1+O0(n™")—0)+ @ch + O(ky),

SO

(it)3

6> ks + 0(@}

E(eitL) _ €_t2/2 exp{
—t2 it 3 / 7o /
=e /2 [1 + %(ug — Buauy +2(ph)?)
+OmLHMWQ—%%V+1%%XMP—6WDS+Om*ﬂ

.\3 3_ .3
1+ @ (—Tb_l/2 1 +p 9z — Gy +O(n_3/2)>

6 Ve =p) S

+0B+0Mn ) =31+0n ")) +0(n™") + O((n‘l/Q)Q)]

1 1 S— g
1— ,’,L—1/26 +p (g S3gy) (Zt)S
p(l —p) 0

The RHS is the Fourier—Stieltjes transform of

42
_ o172

42
_ )2

+0(n™h).

) B(z) £ 2l 1P (%‘”ﬂcf—nwa+om1»

6/pl=p) \ 55

which will be part of the final, higher-order distribution of the test statistic. Note that the first-order term
is ®(z), as it should be. To this, 29(¢) and 23(¢) will add other higher-order terms.

B.7. Remainder terms for E[(—p~'Y)]. For the remainder, since the biggest term in B is By =
O,(m~1/?n=1/2) (as shown above), note that
nﬁ/QE[AZ—QSB?)] _ O<n€/2(n—1/2)£—3(m—1/2n—1/2)3)

= O(n3/2m_3/2n_3/2) = O(m_3/2) =o(m™1).

B.8. 23(¢). From above, 23(¢) = (1/2)¢(¢ —1)n*?E[A*"2B2]. The biggest term in B? is B? = O,(m™'n™1).
If only the Az and V3 from A are kept, then n/2A"2B% = O(nO,(m~'n"!)) = O,(m™!), which should be
kept (i.e., not in the remainder).
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However, if there is even one A2A§_3 term in the A part, then
R A2 B2 = O, (20321 /271 B2)
—0 (n3/2n 2~y 1)
= Op(m™2n711%) = o, (m™),
which will end up in the remainder. Thus, from the A part, we will only keep the A3 and V3.
The next-biggest term in B2 would be ByB; = O,(m~Y?n"12n=1) = O,(m~Y2n=3/2). If only using
the Az and V3 from A, then E[n/2A2B,B;] = O(nm~2n=%/2) = O(m~?n=Y2) = o(m™'), into the
remainder. Thus, all smaller terms in B? go into the remainder also.

To recap: first, only keep the Az and V3 from A; second, keep only the B from B2
Now, defining

(8) Ai = (92/S0)A

(9) Vi = (g,/S0)V

(10) D5 = (92/50) D3 — (g,/50)Us,
we have

25(0) = (/200 — Dn"E[((g2)S0) D — (90/S0)Va)' B2 + o(m™" + (m/n)?)
= (1/2)0(¢ = 1)nE[DS2B?) + R’
— (1/2)(¢ - 1)n

Y E{D§2[<1/4><n2/m2>5041

x |atghSy 3 (AT + ADAT + alg2g2S; (AT + ADVE + adg2(AT + A)Y?
+(a1)2929550 2 (Vi + V3) AL + (a1)°g,55* (Vi + V3) V3 + ()95 (Vi + V3) ¥
—2a7929,59; 2 (AT + A3)A3V3 + 2a7g2 Sy H (AT + A3 AU +0—-0+0
—2a26%g,S; (Al + A)V3¥ —0+0—-0+0—-0+0
— 2(a})%9.9550 2(VT + V3) A3V + 2(a}) 9,955, (VT + V3) As W

—2(a})?g25, (V3 + vg)vgxp} } + R
{ 0 — 1)n1”—3 }

< B{ D472 (WP 2mn 2 + Ot ) + ()

+ A3(2mn~*p% + O(m®n=?))g25; *(algs + (a))’gy)
+ V3(2mn~?p? + O(m’n~?%)) g2 5y % (algs + (a))gy)
+ 2A3\II(2mn*2p*2 + O(mznig))gxs (@1% (a’1)2 2)
— 2V3U(2mn " ?p~? + O(m*n"?))g,Sy ' (algl + (a})?g])

~ 20T+ O )ang, Sy (el + ()] | +

2m
nZp?

1 4 n’ 2 2 N2 2
= gé(g —1)S; ﬁ” lat1g; + (a}) gy]

X E{D" 2 [xp? + 92502 A5 + 92552 V5 + 29,5y ' Ag U — 29,55 V¥ — nggySg2A3V3} } + R
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atgs + (a))’g;

1 1
— Zmle(r -1
mHE=1) P*Sh

4
X E{D§—2 [\11271 +2W\/n' Dy + Dg} } + R

atgs + (a))’g;

|
=-m {4l -1
m~ ) 258

1 [E(D§)n¥? + 20\/n' B(DY) + E(DY)] + R

B.9. 2 (). First, determine which terms will end up in the remainder and which need to be kept. If there
are two or more A, or Vy from the A term, it will end up in the remainder. Take By, the second-largest
term:

n?E(AZAS3B)) = O(n**mn2D53n ) = O(mn=3/?) = o(m™ + (m/n)?).

Now we only need to check By. The terms in B, with a single A; or V; will zero out due to indepen-
dence/mean zero. The other terms are the product of A, (or V) and some O,(n~'/2) term (A3, V3, U).
If there is a single A, from By, there has to be at least one other A, from the A part, either A2 or AyVo;
but if the latter, then there is a single V5, which will zero out the whole term due to independence/mean
zero again. Thus in order to keep the single Ay (or Vy) from By, there must be A2 (or V2) from the A
part. This yields

nPE(AAT (820,(n71?))) = O(E(A])) = O(nmn™?) = o(n™"),

which is clearly in the remainder, using the result from the univariate case that F(A3) = O(mn=3). Thus,
there will not be two (or more) Ay coming from the A part, and thus

2(0) = " E [((9a/S0) (A2 + As) = (9y/50) (Va2 + V3)) ' B]
(11) = (n'?E(D{'B) + (0 — 1)nE [(Ay — Vo) D52 B = 201 (£) + 22(0).

B.9.1. 251(¢). Here, since there are only Az and V3 from the A part, single Ay, Ay, Vy, Vo will zero out.
By and B, disappear completely. For Bs,

(n'?E(Dy' Bs) = —(1/6)m*n 2S5 20(g.gy + 9,95 [E(D5) + Uy/n E(D5™)].
Bs is left with
(1/8)S5*(n/m)?
X |atg.S5 (AT + AD)A (362552 — 1) — alg, S5 (AT + AP V(362552 — 1)
+af(A] + A3 U(3g755% — 1) + (a))*9.55 1 (VT + V3)As(3g.5, 2 — 1)
— (a1)?9,50 (V1 + V3) V(39555 — 1) + (a7)*(Vi + V3) ¥ (39,55 — 1)}
+0+0+0
= (1/8)Sy*n*m2(2mn"%p~2 + O(m*n~?))
x [(330250% — @} + 3(a1)0285 % — (a))?) (955" s — 9,55 Vs + 0)|,
SO
(n'?E(Dy ' Bs) = (1
(1

/4)ym =Sy 2p 2 B[Dy ™ (Ds + Wy/n)(3atg2 S, — af + 3(d})?g, S, — (a})?)]
/4)m _IESO ? _2<3a1925 2— af + 3(“1) gySO 2 — (a’1)2)
x [E(Dg) + U/n'E(Dy )]
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B is left with

(12/(201))9. 58 — (a/(201))9, 55 V3
+(1/2)S5%(n/m) angS3 A2 — al 2S5V
+p 1S5 ang2 Sy AL — 429,95y P A3V 3 + a29, A3 ¥
+ a5929ySy ' A3V — abg2 Sy V5 + abg, Vs U]
= (1/2)8*(n/m)[a19;A3 — gy V3] + A3[(az/(2a1)) 9255 ' + azg5p™" S5
— Vil(ah/(2a1))g, S5 + argyp™' 5] + A3Vs[gag,/ (pSo))(as — az)
+ Up 'Sy % (a292 A3 + ahgy Vs)

SO

(D5 ) = o (1/2)S5 o

x (a1g2(mn~?p~% + O(m*n™%)) — algi(mn~*p~> + O(m*n~?)))E(D§ ")
+ (9255 ' As)*[(az/(2a1))Sogs ' + az/(pSo)]
— (9455 'V3)*[(a5/(2a1))Sog, * + a5/ (pSo)]

+ AsV3(pSo)Hah, — az) + U(pSy) HazAs + a’ﬁg)}
= o[ {r ) nss? - asi Y EDL)
+ B({(050) (B3 = Va) (@28 + a4 V) + (pSo) "W (@245 + V)
B/ (200) 0" — 3/ (2 D)
= n_l/Qﬁ(pSo)_l
{20 g5 - S ED) 4 VAEID anda + a4
+ U/n'/n E[D§ (aaAs + ahVs3)]

+pSonE[ Dy~ (A(az/(2a1))Sog; ' — Vi(as/(2a1))Sog, 1)]}.

B.9.2. 235(¢). Here, all but the B, term end up in the remainder:

E[(Ay — Vo) D52 B1] = O(n*m ™ E[D§” 2(A3 v3)])

(
= O(n*m™' (2mn~°p~° + O(m*n™ ")) E(D5?))
- o),
E[(Ay — Vo) D52 By) = O(nE{D{ 2 [A3A; + VaV3 — AsV3 + VaAz + AU — V3U]})

= O(nmn2p~2(1 4+ O(m/n))E{D5?[As + ¥ + V3]})
= O(mn=*?) = o(m™ 4 (m/n)?),

nE[(Ay — V3) D5 2Bs] = O(nm**n"'m™n~Y%) = O(m™*n"1%) = o(m™Y),

nE[(Ay — V3) D5 2Bs) = O(nm*n~'m*n=%/%) = O(m*n"*m*n~12) = o((m/n)?).
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The B4 term becomes
(({ — 1)nE[D5?(Ay — Vy) By
= (0 —)n*m(252)7!
x E[D{%(g0Sy  A2a19, A5 — 9.8y 'A2a19. V3 + a1g2S; P ALY
- gyS_lv%allgyA?) + 9,5y ' Via19, Vs — a1g25 Vi)
= ((0 —1)(2S3) 'n*m tmn " 2p 2
x E{D5?[W(a1g; — a19;)Sy " + 835y H(arg; — d'gy)
— V85 (g — )} + O(mn )
n~ Y2000 —1)(2p*S2) N arg? — aig2)Sy ' E[DS*/n (As — Vs + )] + R

2 ! 2
alg.r - algy

=120 _
n= Ul —1) 2725

[B(Dy™) + U/n'E(D5™)] + o(m™" + (m/n)?).
Altogether,

2(0) = "71/25(2950)71{(2]?)71(601%5 2 —a193Sy ) E(D5") + V/n'E[Ds(asAs + a5 Vs)]
+ U0/ E[D§ (aaAs + ah V)]
+ pSonEID§ ! (Adaa(2a1) " Sog, " — Vias(2a) " Sog, )]}
+ (1/4)m ™ (p*S3) " [Batg; Sy — ai + 3(a)?g; S, 2 — (ay)*][E(D3) + Wv/n'E(Dy )]
— (1/6)(m/n)*€Sy (9.9, + 9,9,)[E(D3) + ¥v/n' E(D3™)]

2 ! 2
a19, — a19 — ) _ )
TS LIE(DS™) + U/ E(D§?))
0
+o(m™" + (m/n)?),
atg: + (a)’g;
P*S;

+n Y200 - 1)

23(0) = im_lf(f —1) [E(D5?)n0? + 2U\/n' E(D§ ") + E(DS)] 4+ o(m™ + (m/n)?).

B.10. Moments of Dj. Recall that Dz (from the univariate proof) is asymptotically N (0, (1 — p)/p),
and thus 3 is also, and that D3y 1 3. Thus, (g./S0)Ds — N(0,(¢2/58)(1 — p)/p), and (g,/So)d3 —
N(0,(g;/53)(1 —p)/p), and then

D3 = (g:/50)Ds — (gy/50)ds — N(0, (92 + g2)/S3)(1 — p)/p),

so D3 has the same asymptotic distribution as D3 from the univariate case, i.e. N(0, (1 — p)/p).

Since D3 1 3, the moments converge at the same rate. Consider the moment generating functions
(which exist in this case). Let the standard normal mgf be My (t). The mgf of D3 = (g,./So)Ds—(g,/S0) {3
is, due to independence, Mp,(tg./S0)Mcy,(—tgy/So). As a sufficient bound on the error, recall that the

moments of D3 have error no bigger than O(n~'/?), so we can write the mgf for D3 as
[My(tg:5q (1 = p)/p]/?) + O(n™V?)] x [My(~tg, S5 [(1 = p) /p]"?) + O(n~"/2)]
= [Mn(tg.:55 ' [(1 = p)/p] /) [Mn(~tg,S5 (1 = p)/p] /)] + O(n~"2),

so the moments will be those of a standard normal plus error O(n~'/2), which will always end in the overall
remainder since we are already dealing with higher-order terms here.

B.11. Cross moments with Ds; and As; and Vj. This is needed for some of the n='/? terms in zy(¢).

Isserlis” Theorem (Wick’s Theorem) can be used when noting that Ds and A are asymptotically bivariate
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normal, as are D3 and V3, and thus
\/ﬁE[Dé(agAg + Cbévg)] + \I/\/F\/FE[DE_I((IQAg + Cbévg)]
+pSonB[D5™ (a2(2a1) ™1 Sog, HAf — a5(2d7) 7 Sog, V)]
(if ¢ = 2k)

1-p\" (2k)!
— i (28] i - i) + Ol

-(57)
X |a2g255 + 029257 %(1/2)(pgu /1) (2K — 2)(2k = 1)
+ (a2/2) (pg /1) /(2k — 1) — ayg?S,
—%fS”UﬂXmM%M%HQV@k—U—%%ﬂﬂmﬂ%ﬂ@k—D
()
x |a2g255 (1 = (k = 1)/(2k — 1)) = (a2/2)/(2k — 1)
— ahg2Sy 21 — (k= 1)/(2k = 1)] + (5/2)/(2k — 1)]

(1= p\" (2k)! kS (azg? — abg?) — (1/2)(az — ab)
U p 12k % — 1 '

(if £ = 2k — 1)

For D3 and /n'As to be bivariate normal, it is sufficient to show that all linear combinations of the two
are (univariate) normal:

a(v/n'A3 —/n'Vs) +by/n'As = (a + b)y/n'As — ay/n'Vs,
(a+b)v/n'Ay =4 N(0, (a+b)*¢25,%(1 — p)/p),
—ay/n'Vy —q N(0,a%g,55*(1 — p) /p),

and thus the sum is also asymptotically normal since Az 1L V.
Isserlis” Theorem states that for a multivariate normal vector with elements X;,

E(XlXQ ‘e ngfl) == 0,
E(X1Xs... Xo) = SHE(X,X,),

where YII is summing over all distinct partitions of X; ... Xy, into pairs, such as the example partition
B(X\Xa)B(X3Xa) | B(Xor 1 Xog).

First examine /n E[D§(a;As + a4, V3)]. If £ = 2k, there will be 2k + 1 terms in the expectation (i.e.,
¢ from Dj and one from Aj), and thus the expectation is zero asymptotically, or rather O(n=/2). If
¢ = 2k — 1 (odd), we want E(D3Ds--- D3\/n'As), where there are 2k — 1 occurrences of D3 and one of
Vn'Asz, and thus 2k altogether. Then there will be (2k)![k!2¥]7! total unique partitions, and the value of
each will be the same since it will be the product of k — 1 terms of E(D3) and one term of E(Ds\/n'A3),
which is equal to [(1—p)/p* {[(1 —p)/pl(g:/55)} + O(n™") = (42/SH)I(1 = p)/pl* + O(n~"). Multiplying
the number of partitions by the value of each partition, we get the result that for ¢/ = 2k — 1,

JTE(DlasAg) = as(g?/S2) <%> (:@! +om.
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For the Vs part, B(D — 8y/iVs) = E(~(g3/53)0%) = ~(¢2/SI(1  p)/p] + O(n~"), and thus the result
is that for £ =2k — 1,
N , 1—p M (2k)! _
VRE(Dia) = ~dy(at/si) () Fop + o),
SO

VREIDaxa + a59)] = faalg2/ ) - /s (L) P+ 0l

Second, for U\/n'\/n'E[D5 (ayAs + a4 V3)], the same reasoning will apply, except that for £ = 2k — 1
it will be zero (or, O[n~'/?]) while for £ = 2k we get

w*( ) BRI (102557 — dyg2S5?) + O(n™).

K12k
Third, for pSenE[D5 " (as(2a1) " Sog; ' A2 — ah(2ah) 1 Sog, 1 V3)], for £ = 2k it will be zero (or, O[n=/2]).
For ¢ = 2k — 1, there are now two different classes of partitions we must consider: those with one

E(nA3) term, and those with two E(D3y/n'A3) terms. When there is the lone A3, the number of unique
partitions is just the number of partitions you can make from the other 2k — 2 variables (all D3), which is
(2k — 3! = (2k — 2)![(k — 1)!12%71]71. Thus these partitions contribute

g (1=p\" (k=2 g (1-p\" (k) 1
S2\ p (k—1)12k-1 S22\ p K12k 2k — 1

in total. The number of partitions left is then just the total minus the number used, or
(2k)! (2k—2)! (2k)! 2k —2

K128 (k—1)1261 K12k 2k — 1

The value is

B(D3) .. E(D2) E(Dy/iwAg) E(Dy/ Bs) = [(ﬂ) 0w

~
k — 2 terms

So if £ = 2k — 1, then

L 2 1—p\"(2k) 1 gt (1=p\F (2k)1 2k — 2
ED471A2 :g_:v T
(D57 43) Sg( D > k!2k2k—1+54< p ) K12k 2k — 1

@ (1-p\ eI 1 +g§2k—2
OS2\ p K12k |2k —1 S22k —1]°

and thus
k 2/a2
Ae-1 (A2 S0 xo az So ga; (2K)! ((g2/50)(2k —2) +1
poonk [DS <2a1 ng )} 502(11 o 52 ( D ) k!2k 2k — 1
_ G (92/S3)(2k —2) + 1Y (1—p\" (2k)! 1
= 2a1pgm ( ok — 1 ’ 1ok +0(n).

For the terms with V3, E(D§'(-=V3)) = —E(D5 'V3), and terms with E(V3) are g25;°(1 — p)/p +
O(n™1), and
3 VAR 9y 1 9y
E(Dyvnvs) = E (- Pa,%q,
So >S,
= 9,8 " B(@3) = —g;5,* (1 = p)/p + O(n™"),
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and with two such terms,

altogether. This is essentially the same as for A2 but negative and with g, and a} instead of g, and a;, so

DSon {Dg—l (_a—é@vg)} _ —a—/%pgy ((gZ/SS)(zk—2) + 1) (1 —p)k TP

2d} g, 2d} 2k —1 D 12k

leading to the result at the beginning of this subsection.

B.12. Characteristic function of K. Define
(12) K =[p(1—p) .

From above,

SO

E(Ké)(it)e/ﬁ' E[({p(1 - p)}2Y)(@t)" /0! = [~{p/(1 = p)}/* E[(—p~ 'Y )] (it)" /2!
E(L)(it) /0!
+ (—{p/(1 = p)}*) (@) /)[22(0) + 23(6) + R,

The characteristic function of K is the sum from 1 to oo of the LHS. The characteristic function of L has
been approximated earlier in this proof. The remainder of the proof will be working out the infinite sum
of the higher-order terms on the RHS, and then taking the inverse Fourier—Stieltjes transform.

There are some results from the univariate proof that will be helpful here:

0 3 o ey — Gty + 3(i0)

a3 b — T ) + ()
S R G T T

06 3 G s - ) = PGy
Y e D B e R
a9 3 Wy s = ()
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Additionally,

> 2k = D=1 p/ (1= p)|# V(= p) o) 2k — 1)]

1

= (k) K (it)%k!
k=

- ;(_1) ’f'l;’“ ZZ - 1 (21(35)!1)! (@)1 = p)/p]"?
= [(1—p)/p]'? ;(me(zk)(iﬂ%l
'Lt 2k—1

= (-1 \/—/]OZ 1)12k- e
= (- 1)Mz (i)™ {k'2’lj—12 * k'12’“1

Oo Z Zt 2k—2 o
V (1—=p)/p 2k 1+Z k'Qk
k=0

1

OV “ / VAPt

(2k)! 1 (it)*!
K12k 2k — 1 (2k — 1)!

> 2k = 1)(=1)p/(1 - p)](g"”‘”/?[(l -»)/p*

1

o]
k=

2k —1(2k)! 1
2k — 1 kI2F (2k — 1)!

(VT )0 o ()

VTS
— _m(zt) /2,

Recall the earlier result that
2(l) = nfl/Zg(PSo)fl{(?‘P) Na1935y° — d1g3S*) E(D5™Y) + V' E[D5(a2s + a5 V)]
+ WUy/n'v/n E[D5 ™ (asAs + a4 V3))]
+ pSonE[D§ ! (Adaa(2a1) " Sog; " — Via(2a) o, )]}
+(1/4)m™ (p*S5) " [3atg Sy * — af + 3(a1)?g; S5 % — (a1)*)[E(Ds) + ¥/ E(D5™)]
— (1/6)(m/n)*0S5*(9:9; + 9,9, ) E(D3) + Uv/n'B(Dy )]

2 /2
a19, — a1 9, ~i—1 A2
W[E(Dg )+ U/n'E(D5 %)
+o(m™ + (m/n)?),
atgs + (a1)%g;
p*Sg

(it)Qk_l

I
W

=DV (@ =p)/p

b
I

1

WK

e
Il

+n" V2000 - 1)

2(0) = }lm—lw Y

Then we want

(=1)[p/ (1 = pN?[(t)"/ [22(0) + 25(C) + R

[E(D5)n0? + 2U\/n' E(D§ ") + E(D5)] 4 o(m™ + (m/n)?).
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— 0 2(pS) " (2p) M ang2S; %f5> R/ = p)[GD)]
+n 2 (pSy) 7 | U/ (a2g] Sy — abg Sy ) (it) e
+ Sy (22 — ahg)[=(it)*/2 = (i) (L= p) pe"/2
— (1/2) (a2 = ay) [ ()] /(T = p)fpe "]
- (1/4)m ™ (p253) 7 Bl Sy — o + 3(a)P2S5” — (ah)?
x [(it)Pe™"2 4+ U/ (i) (~1)y/p/(1 = p) e /7]
— (1/6)(m/n)2S5 (921 + 9,9, (i)™ + Wy (it) (~1)/p/ (T = p) e/

2 I 2
-1/2 ai19; — algy

2758 [6*9/2[(%>3+(it>](—1) p/(1—=p) — e 2 —/p/(1 = p)][(it)]

+ VR [p/(1 - p)l(it) e "]

1 -1 a%gi + (a/1)2g§ |: 2 N2 —t2)/2
—_m === 7 "I \p p 1-— p it)%e /
e /(1 ~ Pl

+20y/n'e 2 (=1)y/p/(1 = p) [(it)* + (it) — (it)]
e P2[(it)t + 3(it)? — 2(z't)2]]

+n

+

+o(m™! + (m/n)*)

= 02 (pS) 7 [ (aag? 5 — abg? i) (i)
— Sy (axg? — dhg)[1)*/2 + (i) (L= p)/p
+ (1/2)(a2 = a)(it)/ (T = p)/p |

ot g (1 )G - [0+ (0T 7

a19; + (al) gy

um>1tmﬁ—jﬁg—r4ﬁ%1@+mﬁﬂmﬁ—wwwwpm—m1

+im*eﬁﬂaﬂiggﬂﬁﬂ@%mvu—pmuf—2w¢ﬁvwﬂl—mKﬁﬂ+¢ﬁf+@wﬂ

= (1/6)(m /)85 (gagit + 9,0} (18)? — W (it)V/p] (T — )]

+o(m™ + (m/n)?)

= 221U/ (azg — abgl)(pS3) 7 (it)’
— (asg2 — abgy)\/ (1 —p)/p (pS) (i)
— (a297 — asyg;)\/(1 = p)/p (pS5)~"((it)
(17202 = ) T= ) (o)1)
+ UV p/ (1 - p)(mg? — alg?)(2°53) " (it)?
— (mg? — ayg?)v/p/ (1= p) (25*3) " (it)?
~ (w192 — alg2)V/p (1= p) (20°83) (i)

aig: + (a})g;

e = (P )

°/2]
]

+ (1/4)ym e /% |3
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(1 4ym e [3%@” S + <aa>2>} NN

1 &2 i_i_ a/ 2.2
g e 2L I g1 — )+ <z’t>2}
1 aig; + (a
—l—Zm_le_tQ/Q 19a 21(5*4 V9, [—QQJf\/p/ (1 —p) [(it)* ]

— (1/6)(m/n)?e™"*(gug! + g,9,) S5 *[(it)* — /n'\/p/(1 = p) (it)]
+o(m™ + (m/n)?)
=022 [(aag? — o) (1 = p) + (arg? — ayg?)] [p/ (1 — p)]/2(2p7S5) 7 i1’
+ [2(asg? — abg)) + (arg? — aig;)/(1 = p)] (2pS5) 1 0+/n(it)?
+ [(1 = p)St(az — ab) — 2(1 — p)(azgs — dbgy) — (args — d'g;)]

X [p/ (1= p)]2(20°S3) " (i1)|

gt B Gy g = 7 0]
 ymte sy L[S w0 ) - @+ a9 ]

@IH N N e

e[S g w7
(m/m)*e ™" 2,9 + 9,9,) 55 | (i1)* = wv/m'y/p/(1 = p) (it)|
o™+ (m/n)?).

B.13. Inverse Fourier—Stieltjes transform of characteristic function of K. The Fourier—Stieltjes
transforms of various derivatives of the standard normal distribution, ®(z), are

B(z) = e
'(2) = ¢(z) = —(it)e "/
"(z) = —29(z) — (it)’e /2
" (2) = ¢(z)(~1+2°) = —(it)’e "/

D" (2) = ¢(2)(3z — 2°) — (it)*e /2.

Thus, the inverse Fourier—Stieltjes transform of the higher-order terms in the characteristic function of K
is

w2 = [(aag? — abg?) (1~ p) + (arg2 — )] /(1 — D) 2(225) 7 (~0(z) (~1 + 22)
+ [2(a2g; — abgy) + (arg; — dig;) /(1 —p)] (2pS5) ™" OV/n'(—2¢(2))
+ [(1 = p)S3(az — ab) = 2(1 — p)(asg — dbgy) — (args — aig,)]
x [p/(1 —p>11/2<2p253>-1<—¢<z>>]

%mlalgx;é?) % T(6(2)(32 — ) — 20y /ol (1 1+2)]

+im1(p2502)1 { {a%gi +Séa’1)29§] 4+ Wap/(1—p)] — (a§+(a;)2)} (—20(2))

+
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- S gy [ | o T (000
— /)00 + 0,90)507 [(=20(2)) — WVTV/pI (T = p) (~0(2)]
+o(m™ + (m/n)?)
=072 [(029? — ahg2)(1 = p) + (ang? — aig2)] [p/ (1 — )] (20°83) 7 ()
— [2(a2g; — abg;) + (arg; — ayg;)/(1 = p)] (2pSy) " WV/n(2)
= [(a297 — abg)(1 = p) + (g7 — digy)] [p/(1 = p)]'/*(2p7S5) "
— [(1=p)S5(az — ay) = 2(1 = p)(azg; — argy) — (a1g; — aygy)]
X [p/(1 = p)]2(2p253) | o(2)

. i aig ; 223)295 [(_23) N Nﬁmw)} (%)

. iaig ;2 fqga)?gi (3] (2

RNy {aggg +Séag>29§] 1 Wnp/ (1= )] - a2 + (@) | (0(2)
N %m_la%gi;ég%i [~ 20y /o= el)

1
+ gm0

35 E )] eV 002)
b S/ (g. + 0,657 [~ WO 1) | 6(2)
+o(m™ 4 (m/n)?)
=n"12¢(z) [ [(a2g2 — abg2)(1 = p) + (arg2 — ayg)] [p/ (1 — p)]V2(20°S5) (2%
— [2(a2g7 — aygy) + (arg; — arg,)/(1 —p)] (2pS5) ™ ¥v/n (2)
+ [(aag? — ahg?) — SE(az — ab)] [p(1 — p)] V(20753

N ;lm—l a19; ;;é;il) gy [23 _ 2\11\/5 /p/<1 _p) (22):| ¢(Z)
1
4

aig: + (a))g;
S3

Bt L gty 1 ) | )
0

_ m-1<p253>-1{ (@ (d))+

g sy [Pt )| T )
b/ gd + 0,9)507 [~ WV T- )] 0(2)
+o(m™ + (m/n)?)

=n"%¢(2) [ [(a2g2 — abg2)(1 = p) + (arg2 — aig)] [p/ (1 — p)]V2(20°S5) (2%

— [2(a207 — aygy) + (arg; — aygy)/(1 —p)] (2pS5) " ¥v/n (2)
+ [(ag? — ahg?) — SE(az — a)] [p(1 — p)]V2(20753) "]
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ot (Z ) [ 2w T o
—om7 (p*Sg) ™ {—219292?5 +p*S; (gi . g;j> Unp/(1 — p)} 2¢(2)

T e ARV e )

2/ agl + 0,8)S0” [ — WL 0(2)

+o(m™ + (m/n)?)
=n"'29(2) [ [(a29% — abg?)(1 = p) + (193 — aig})] [p/(1 = p))'*(2°55) 7' (=)
— [2(a29% — abg}) + (args — aygy)/(1 = p)] (2pS3) " WV/n (2)
+ [(a2g? — ahg?) — 3z — )] Ip(1 — )] 2(20°S3) |

1 (9%t9, 3 1 —1/2.2
—qm ( 5 [z =275y [p(1 = p)] 7%= ]¢(Z)
1 (29297 [(9r+9y o
s s (B st o0
12979, ~1/2
—m S—g[p(l — )] vé(2)
1 929y + 9y, _ _
+ g(m/”)2TM [2 =755 Ip(L = )] 71%] 6(2)
0

+o(m™ + (m/n)?),
using some other results that
a
— =—-1+0(n"") = a1 = —pg, + O(n"),a} = —pg, + O(n™"),
ai + (a)? = p’gs + p’g; + O(n™") = p*Sg + O(n71),
2.2 1\2 .2 2.2 2 2.2 2 2 Q4
atg; + (a1)g 9295 +0°9.9, — °S;
g e (@)) = =

—1
32 +O0(n™")

939,
S3
U= ’7/(\/@950)-

From before, the inverse Fourier—Stieltjes transform of the part coming from L was

1+p (955_895> (22 = 1Do(2) + O(n™ 1),

= _2p2 —|—O(7’L_1),

1
O(z2) +n 2=
6v/p(1—-p)

and from the centering,
((lnp) +1—np) =1+ 5(1—p)) (9 — gy)
Sov/p(1 —p) '
Thus, altogether, and with C' = 7Sy /1/p(1 — p),
P(Tpy < 2) = P(K < 2) —n 2w,6(2)
= P(L < 2) + P(Kpo < 2z) —n Y2w,0(2)
= 0(2) + [0 Ui, (2) + M ugs (2) + (m/n) us A (2)] $(2) + o(m™ +m?/n?),

W, =

25
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with

+[2%—%%1—m+w¢—%ﬁﬂWO—MWWﬁ%W@5
— [2(a297 — abg;) + (argl — argy) /(1 = p)] (2pS3) ' CI(1 — p)/p)'?(2)
+ [(a2g2 — abgy) — Sg(az — ab)] [p(1 — p)]/*(2p°S5) ™!

= (L) + 1= np) =1+ 50 - 9) (e — ) [Sovo0T = 1)

a2

1(gs+g 1939y  lgig, . 1 (9:+g,
uzq(2) = = (S—éy) Pt g Ty Ot (S—gy) (202" = C*2),
9295 + 949,
uzy(2) = Tyy(z - C).
0

APPENDIX C. CORRECTED CRITICAL VALUES

Although the expressions above are more complicated than the univariate case, the structure is similar.
In the univariate case, our corrected critical values achieved e; < «, where e; contains the dominating
components of type I error and « is the nominal size of the test. This was due to u;, being an even
function of z under the null and w3, > 0 under the null. Both are still true here: under the null, C = 0, so
z only enters u; as 2%, and it was shown in the univariate case that g,g” > 0 (and equivalently, 949, > 0).

Analogously, our new critical value z, ,, needs to cancel the uy terms that appear under the null. Using
uro(—2) = u1(2), ugo(—2) = —ug0(z), and uso(—2) = —uso(2), the type I error of a two-sided test is

P(|Tomn| > 2| Ho) = P(Toun > 2 | Hy) + P(Thn < —2 | Ho)
=1—P(Tn<z|Hy)+ PTmn<—2|H)
=1—{®(2) + [0 Puro(2) + m Muzo(2) + (m/n) uso(2)]6(2)}
+ ®(—2) + 072Uy 0(—2) + m g (—2) + (m/n)*uso(—2)]o(—2)
+o(m™" +m?/n?)
=2—20(2) + 0 — 2m tugp(2)d(2) — 2(m/n) uzp(2)p(2)
+o(m™' +m?/n?),

and if z2om = 21_a/2 +¢/m,

B 1 (95+9, 1939,
=2 — 2<I>(z1_a/2 + c/m) —2m lqb(Za,m) [_4_1 ( < Yy Zim + §S—4yzam
0 0

- 2(m/n)2u370(za7m)¢(za7m) + O(m_l + m2/n2)
=2 —20(21-0/2) — 20(21-a/2)(c/m) — O(m™?)

_ 1(95+9, 19292
—2m 1¢(Z1_a/2) {—1( 561 Y Zi))_a/g—'— 5 S4y21 —a/2

— 2(m/n)*uz0(21-a/2)P(21-a/2) + o(m™" +m?/n?)
= a —2(m/n)*uz0(21-a/2)P(21-as2) + o(m™" +m?/n?)

~ 1(95+9, 19292
—2m 19{)(»’«'1—04/2) [C_L_L( 5’61 y Zi)_a/2—|—2 S4yZ1 a/2|
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and for a level o test we want this to be at most . This is achieved by setting the m™! term to zero, so

that
1 (gs+3,\ 5 1929,
Cc= Z_l ( S[Z)L S Zl—a/? 2 S4y2’1 /2
Ram = Rl—a/2 + C/m
= Z1-a/2 + m—1[453]—1 [(gi + g;l)zi)’—a/Z - 2959221*04/2} )
APPENDIX D. FIXED-m ASYMPTOTICS
Define
0=5Sy (fx +nfyh), n=ng/ny,
(5 = fX/fY?
A=[1+007 7"

0=X+(1-N? 1-0=2)\1-)).

Here, we approximate the critical value derived from the fixed-m asymptotic distribution. (The constant
sample size ratio 1 can be weakened to a limit of the sample size ratio, if the limit is approached at a fast
enough rate.) Recall from earlier,

Vi (X = &) = A/ 1 /10y /Ty (Yor — &) =5 N (0, p(1 = p)(fx% +1fv2))

using the fact that the variance of the sum (or difference) of two independent normals is the sum of the
variances, and with fx shorthand for fx(Fx'(p)) and similarly for fy. The pivot for the bivariate case is
then

Ve (Xor = Yor) .y
\/[fX(gp)] +77fY gp \/p 1—p B (0’1)7

with the Studentized version using the sample estimates of fX and fy by the same quantile spacing
estimator as in the univariate case,

— \/E(Xm“ - an)
\/(nx/(2m))2(X”vT+m - Xnﬂ“—m)2 + n(ny/(Qm»Q(Ymr—&-m - nr m \/p 1—

The assumption has been that X 1L Y, and X,,, L (X, 4m — Xnr—m) asymptotlcally, per Siddiqui
(1960). Siddiqui (1960) also gives

%(Xn,r+m - Xn,r—m)
1/fX (5}7)

where Vy,, ~ x3,,/(4m). This will be true for ¥ also. Now,

Sm,n _ ([(nr/(Zm))(Xn,r—l-m - Xn,r—m)]Q + n[(ny/(Qm))(Yn,T+m - Yn,r—m)]Q) 12
So X +nfy?

_ _o\ 1/2
d, me,1fx2 + nVZm,QfYQ
X +nfy?

- - - 9\ /2
_ (f;f F0fy? + Vina = D"+ (Vs — 1)nfy2>

d
— V4m7

sy

_ o\ 172
— (14 (Vz%m,l - 1)fX2 + U(Vz%m,z - 1)fY2
2 +nfy? ’
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and call a random variable with that distribution :
U~ 1+ =AWV — 1)+ 1= NV, —1)
Thus, under the null,
. Vit (X = Vo)
T Ve @)K = X + (2 @) PV = Yoro)v/p(1 =

\/ﬂ(Xm" - gp) Y nz/ny\/@ nr
\/[(ni/(Qm))(Xn,r-Q—m - Xn,r—m)]2 + [(ny/(zm))(yn,r—i-m - n?" m \/p 1-—

— \/E(an - Ym") 1
VI EN2+nfy ()] 2 Vel —p) Sma/So

L Zu.
Analogous to the univariate case,
P(Theo < 2) = P(Z/U < 2) = E[®(2U)] = E[®(z + 2(U — 1))]
= E{(I)(z) + O (2)2U — 1) + (1/2)D" (2)[2(U — 1)]* + (1/6)" (2)[z(U — 1)}
+ (1/24)2"(2) [z (U - 1)]4} +O(E[U —1)°])
= 0(2) + ¢(2)2EU — 1] + (1/2)(=2¢(2)) 2 E[(U — 1)*] + (1/6)(* — 1)¢(2)2° B[(U — 1)]
+(1/24)(3z — 23 (2)*E[(U — 1)*] + O(E[U — 1)7)).
Below, we will need the moments of €, which depend on moments of V2 —1. Recall that Vyn, ~ x2,./(4m),

and the noncentral moments of x3,, are 4m, 4m(4m+2), 4m(4m+2)(4m+4), 4m(4m+2)(4m+4)(4m+6),
dm(4m + 2)(4m + 4)(4m + 6)(4m + 8), etc.

E((Vin = 1)°] = EVyy) — 2BV;,] +1
= (256m*) " Mm(4m + 2)(dm + 4)(4m +6) — 2[1 + (1/2)m '] + 1
=1+3m '+ (11/4m >+ (3/4m™> —m™ " -1
=2m~ '+ (11/4)m™2 + (3/4)m ™
=2m~ '+ O0(m™?),
E((Viy — 1)) = EVi,] = 3BV, ] +3E[Vi,] — 1
= (4096m°) " 4m(4m + 2)(4m + 4)(4m + 6)(4m + 8)(4m + 10)
=3 [14+3m™ + (11/49)m > + (3/4)m™>] +3[1 + (1/2)m '] - 1
~4096m° 4 30720m° 4 87040m* + 115200m® + 70144m? + 15360m

4096m°
—34+3-1-9m "+ (3/2)m™* — (33/4)m™2 — (9/4)m™*

= (15/2)m™" + (85/4)m ™2 + (225/8)m ™% 4 (137/8)m~* + (15/4)m™°
—9m~ 4 (3/2)m™" — (33/4)m™% — (9/4)m ™3

= 13m™2 + (207/8)m ™ + (137/8)m™* + (15/4)m™>

= O(m™),
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E[(Vi — 1Y =EN} | —4ENVS 1+ 6E[V] ] —4E[Vi ] +1

= (4m)"*4m(dm + 2)(dm + 4)(4m + 6)(dm + 8)(4m + 10)(4m + 12)(4m + 14)
— 41+ (15/2)m™" + (85/4)m > + (225/8)m > + (137/8)m™* + (15/4)m "]

+6[1+3m™" + (11/4)m ™ + (3/4)m™?]
— 41+ (1/2)m ] +1
= 14m~' + (161/2)m 2 + O(m ™)
—30m~t = 85m 2 + 18m ' + (33/2)m % — 2m~ ' + O(m™®)
=m 0] +m 3[12] + O(m™?),
E((V;, —1)°] = EVY] — 5E[Vy,] + 10E[VS ] — 10E[V,,] + 5EVE,] — 1
= (4m)~"%4m(4m + 2)(4m + 4)(4m + 6)(4m + 8)(4m + 10)
X (4m + 12)(4m + 14)(4m + 16)(4m + 18)
—5[1+ 14m™" + (161/2)m 7]
+10[1+ (15/2)m™" + (85/4)m™?]
=101 +3m™" + (11/4)m™?]
+5[14(1/2)m™] -1
+O0(m™®)
= (45/2)m ™" + (435/2)m >

+m ' [=70 + 75 — 30 + (5/2)] + m~*[(—805/2) + (425/2) — (55/2)]

= m 0] +m2[0] + O(m™?).

The moments of € are

_ K , £ -
E(e) f*2—|—f*2E(V4m’1 1) + f*2+f*2E(V4m’2 1)
X Y X Y
IR (4m(4m+2) B 1)
R+ (m)?
= (1/2)m™,

E(e®) = E[N(Vip =1+ (1= A)?Vino = D + 201 = N (Vipg — 1) Vi — 1)]
= [2m™' + (11/49)m 2 + (3/4)m ] 0 + (1 — 0)(1/4)m >
=2m 0+ (1/4)m (110 + 1 — 0) + (3/4)m >0,

E(e*) = E{IN + (1= 2| (Vin = D* + 3N (1= 2) + AL = A (Vina — D*(Vim2 — D)}

=[1—=3X1 = N]E[(V], — 1% +3X1 = NE[(V;, — 1)?|E[V;, — 1]

= [0 — (1 —6)/2)[13m =% 4 (207/8)m 3 + (137/8)m~* + (15/4)m 7]
+(3/2)(1 = ) [2m™ + (11/4)m™2 + (3/4)m~3][(1/2)m ]

= [(3/2)0 — (1/2)][13m 2 + (207/8)m > 4 (137/8)m~* + (15/4)m 7]
+(3/2)(1 = 0)[m ™2 + (11/8)m ™3 + (3/8)m ™

=m?[(36/2)0 — 10/2] + m >[(588/16)6 — (174/16)] +m *[(402/16)0 — (128/16)]

+m~°[(45/8)0 — (15/8)]

= m 2180 — 5] + m[(147/4)0 — (87/8)] + m~*[(201/8)0 — 8] + m~°[(45/8)8 — (15/8)]

=0(m™),

29
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E(e') = E{W‘ + (1 =NV = D 4L =)+ A1 = NV = 1) Vi — 1)

N1 = A2V, — 12 (VEe — 1%
= N+ (1= N12m 2 + 4031 = A) + A1 = N)?(1/2)m ™ 113m ™2 4+ 607 (1 — X\)?4m ™2 + O(m™3)
=12m 2 A+ (1= A"+ 2X%(1 = A’ + O(m™)
= 12m 20> + O(m ™),
B(e) = 0 (B{ (V3 = 1P+ (Vs = 1)V = 1) + Vot = 1P 0VE0 — 12} ) = O(m ™).

To calculate the expectations involving U above,

EU —1]=E[(1+ e —1]
= B[1] + E[e/2] — E[€?/8] + (1/6)E[€*(3/8)] — (1/24)E[¢*(15/16)] + O(E(€®)) — 1
= (1/2)(1/2)m™" — (1/8)(02m ™" 4 (1/4)m™2(100 + 1) + (3/4)m30)
+ (1/16)m2[180 — 5] — (5/128)12m26% 4+ O(m™?)
=m H(1/4)(1 — 0) + m™2[(—10/32)8 — (1/32) + (18/16)8 — (5/16) — (15/32)6%] + O(m )
=m 1 (1/4)(1 — 0) + m~2[(13/16)0 — (11/32) — (15/32)0%] + O(m )
=m 1 (1/4)(1 —0) + O(m™?),
E[(U — 1)’ = ElU?*) — 2EU] + 1
=E[l+¢€—2{1+m " (1/4)(1 - 0) + m*[(13/16)6 — (11/32) — (15/32)6*] + O(m™*)} + 1
=1+ (1/2)m™ =2 —m(1/2)(1 = 0) —m2[(13/8)0 — (11/16) — (15/16)6*] + 1+ O(m?)
=m 1(1/2)0 +m~2[(11/16) — (13/8)6 + (15/16)0%] + O(m ™),
E[U —1)*] = EU’] — 3EU*) + 3EU] — 1
= E[(1+€)(1 +€)Y/?
—3(1+(1/2)ym™)
+3[1+m 1 (1/4)(1 - 0) + m™?[(13/16)6 — (11/32) — (15/32)6%] + O(m™*)] — 1
= E[(1+ )] + E[e(1+ €)'/
—3(1+(1/2)m™h)
+3[1+m 1 (1/4)(1 - 0) + m™?[(13/16)6 — (11/32) — (15/32)6%] + O(m™*)] — 1
= {14+ m '(1/4)(1 — 0) + m™>[(13/16)6 — (11/32) — (15/32)6*] + O(m*)}
+ E[e] + E[€2/2] — E[}/8] + (1/6)E[¢*(3/8)] + O(E[€])
—3(1+(1/2)ym™)
+3[1+m ' (1/4)(1 - 60) + m~?[(13/16)0 — (11/32) — (15/32)6%]] — 1+ O(m™?)
= (1/2)m™ + (1/2)[20m™ " 4 (1/4)m~2(100 + 1)] — (1/8)m2[180 — 5] + (1/16)12m 26?
+m 7 (1/4)(1 = 0) — (3/2) + (3/4)(1 - 0)]
+m™2[(13/16)0 — (11/32) + (39/16)0 — (33/32) — 4(15/32)6%] + O(m ™)
=m2[(10/8)8 + (1/8) — (18/8)0 + (5/8) + (52/16)0 — (44/32) — (9/8)6?] + O(m ™)
=m?[(9/4)0 — (5/8) — (9/8)6%] + O(m™?),
E[(U — 1) = ElU* — 4U> + 6U* — 4U + 1]
= E[(1+ €)% —4E[U*) + 6E[l + €] — 4EU] + 1
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=1+2m 'O+ (1/m (110 + 1 — ) + O(m™>) + 2(1/2)m ™"
. 4{1 +m Y (1/4)(1 — 6) + m~2[(13/16)0 — (11/32) — (15/32)67]
+(1/2)m™ 4 (1/2)[20m™ + (1/4)m™2(100 + 1))
— (1/8)m2[186 — 5] + (3/4)ym ™26 + O(m_3)}

+6[1 4 (1/2)m™1]
—4{1+m " (1/4)(1 — 0) + m™*[(13/16)0 — (11/32) — (15/32)6*] + O(m™®)} + 1
=m ' {204+1-1+0-2—-40+3—1+6}

+m2{(10/4)0 + (1/4) = (13/4)0 + (11/8) = 50 — (1/2) + 96 — (5/2)
—(13/4)8 + (11/8) + 62[(60/32) — 3 + (60/32)]} +O(m™?)
=m™20*(3/4) + O(m™?),
E[U —1)°] = B[U° — 5U* + 10U* — 10U* + 5U — 1]
= E[(1+¢)(1 +¢)*]
- 5{1 4 2m0+ (1/4)m (100 + 1) + 2(1/2)m—1}
+ 10{1 +m N1/4)(1 — ) + m~2[(13/16)0 — (11/32) — (15/32)6?]
+ (1/2)m™" + (1/2)[20m ™" + (1/4)m (100 + 1)]
— (1/8)m2[180 — 5] + (3/4)m_26’2}
- 10{1 + (1/2)m-1}
+ 5{1 +m N (1/4)(1 — 0) + m2[(13/16)0 — (11/32) — (15/32)92]} —1+0(m™®)
= E[UP] + E[(¢ + &)(1 + )2 + E[-5U* + 10> — 10U? + 5U — 1]
- E{[€2 /2 Y8+ e+ 2/2— /8 + 64/16]}
=100 = 54 (11/4)(1 = 0) + (11/2) + 110 — 5+ (5/4)(1 - )}
+ m_z{(—50/4)0 — (5/4) + (143/16)0 — (121/32) — (165/32)6% + (11/2)(10/4)0 + (11/8)
— (198/8)6 + (55/8) + (33/4)6% + (65/16)0 — (55/32) — (75/32)92} +O0(m™3)
(3/2)E[¢*] + (3/8)E[¢’] — El¢/16]
=100 - (11/4)0+110 — 0(5/4) — 5+ (11/2) + (11/4) = 5+ (5/4) }
#{-

Ele] +
Lm
+m (5/4) — (121/32) + (11/8) + (55/8) — (55/32)
(165/32)0% + (33/4)6% — (75/32)6*
— (50/4)0 + (143/16)6 + (55/4)60 — (198/8)6 + (65/16)0} +0(m™3)

= (1/2)m™" + (3/2)[2m ™10 + (10/4)m™20 + (1/4)m 2] + (3/8)m2[180 — 5] — (1/16)12m 26>

+m= {0 = (16/4)0 — 10+ (38/4)}

+ m—2{ — (40/32) — (121/32) + (44/32) + (220/32) — (55/32)
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— (165/32)6% + (264/32)0* — (75/32)6?
— (200/16)0 + (143/16)0 + (220/16)0 — (396/16)0 + (65/16)9} +O(m™?)

- m—l{ — 30— (1/2) + (1/2) + 39}

+ m_z{(48/32) +(3/8) — (15/8)

+ (24/32)6% — (12/16)6*
— (168/16)0 + (30/8)0 + (54/8)9} +O(m™?)

= m 0] + m~2[0] + O(m™?).

Summarizing and then plugging in,

ElU -1 =m 7 (1/4)(1 — 0) +m~?[(13/16)8 — (11/32) — (15/32)6%] + O(m™?)
E[U —1)*) =m (1/2)0 + m2[(11/16) — (13/8)0 + (15/16)6%] + O(m ™),
ElU —1)°] =m™2[(9/4)0 — (5/8) — (9/8)6%] + O(m™?),
E[U — 1Y =m™20*(3/4) + O(m™®),
E(U - 1)"] = O(m™),
P(Toe < 2) = ®(2) + ¢(2)2EU — 1] + (1/2)(=26(2)) 2 E[(U — 1)°] + (1/6)(* — 1)§(2) 2 *E[U — 1)]

)
1/4)(1 — 6) + m>[(13/16)0 — (11/32) — (15/32)6°]}
— (1/2)2%¢(2) {m~'(1/2)0 + m~?[(11/16) — (13/8)0 + (15/16)6°]}
+(1/6)0(2)(2° — 2%) {m™2[(9/4)0 — (5/8) — (9/8)6]}
+ (1/24)(32° — 2")é(2) {m—292 3/4)} +O(m™?)
= ®(2) + (1/4)p(z)m ™" {z(1 — 6) — 2°0}
+ ¢(z)m {(13/16)20 — (11/32)z — (15/32)26% — 2°(11/32) + 2°(13/16)0 — 2°(15/32)6”
+ (2° — 2*)[(3/8)0 — (5/48) — (9/48)6?]
(1/32)(325 20} + O(m™)
=®(2) + (1/4)p(z)m ™" {z(1 — 0) — 2°0}
+ (1/16) (2 )m—2
X {4139 —(11/2) — (15/2)6%] + 23[76 — (23/6) — (9/2)67]

12560 — (5/3) — (3/2)67] — (1/2)/92}
+O0(m™)
= ®(2) — (1/4)d(z)m[2%0 — 2(1 — 0)] + O(m™?).

Note that when Y is just a constant (the univariate special case), § = 1, and this matches the univariate
fixed-m distribution of ®(z) — ¢(2)(1/4)m~12% + O(m™2).

Above, the corrected critical value was

(
(2) + ¢(2)z {m~

I
@—i—

-1
1/24)(3z — 2°)¢(2) 2" E[U — 1)"] + O(E[U — 1)°
(

Zam = Zl—oz/Q + m_1[45’61]_1 [(gi + g;)sza/Q - 2939521—(}/2} )

which is the same critical value suggested by the above approximation of the fixed-m limiting distribution.
In the bivariate case here, same as in the univariate case, the fixed-m distribution picks up the Edgeworth
term associated with the variance of the quantile spacing estimator. Once again, the associated critical
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value reduces the dominant components of type I error, e;, below the nominal test size, o, for all “common”
distributions (including normal, ¢, Fréchet, uniform, x%, exponential, and others).

For the third-order corrected critical value, Let z = 21_, + ¢1/m + co/m? as in the univariate case. Up
to O(m™?) terms,

P(To0 < 2) = ®(21-a) + (c1/m + ca/m?)$(21-0) + (1/2)(c1/m + c2/m?)*¢ (21-0)
+ (1/4)¢(21_a + cl/m)m_l {(Zl—a + Cl/m)(l - 6)) — (Zl—a + Cl/m)3¢9}
+ (1/16)¢(z1_a)m_2{zl_a[l?ﬂ — (11/2) — (15/2)0%] + 2¢_[70 — (23/6) — (9/2)6?]

160 — (5/3) = (3/2)6%] - 2_,(1/2)6} + O(m™?)
=1—a+m ad(zima) + m 2 [d(z1a) — (1/2)c21-ad(21-0)]
+ (1/4)m™" [¢(z1-a) — am ™ 212ad(21-0) ]
X [z12a(l—0) +m ™ e (1= 0) — 027, — 3m ™ 'c1027_ ]
+ (1 /16)¢(z1,a)m*2{z1,a[139 — (11/2) — (15/2)6%] + 23_,[70 — (23/6) — (9/2)6?]

25,160 - (5/3) - (3/2)6%] - 2]_o(1/2)6°} + O(m™?)

=1-a
Fo oo e + 1/ (o - 0) - 0]

+ m_2¢(zl_a){02 — (1/2)221-0 — (1/4)c121-0 [21-a(1 — 0) — 053]
(1/4) [er(1 = 0) — 3e160z7_, ]

(1/16)21_4[130 — (11/2) — (15/2)6?]
(1/16)2__[70 — (23/6) — (9/2)6?]

(

4
4
4
+ (1/16)z7_,[60 — (5/3) — (3/2)6°] — z{_a(1/32)92}
+0(m™3).

Zeroing the m~! term,

0=c + (1/4)[z1_a(1 —0) — 023 ),

cr = (1/4)[02]_, — z1-a(1 = )],

same as before (as it should be).
Plugging in and zeroing the m =2 term,

o = (1/2)21-a(1/16)[027_, — z1-a(1 = )" + (1/4)(1/4)[02]_o — 21-a(1 = O)][27_o(1 — 0) — 027_,]
— (1/4)(1/4)[027_, — 21-a(1 = 0)](1 = 0) + (3/4)(1/4)[02]_, — z1-a(1 — 0)]027_,
— (1/16)21_4[130 — (11/2) — (15/2)67] — (1/16)z}__[76 — (23/6) — (9/2)6?]
—(1/16)27_[60 — (5/3) — (3/2)0%] + 21 (1/32)6*
= (1/32)[0%2]_, + (1 —0)%23  —20(1 —0)25_]
+(1/16)[0(1 — 0)2)_, +0(1 —0)2 , — (1 —0)*27 , — 6%z ]
— (1/16)[0(1 — 0)27_, — (1 = 6)*21 0]
+ (1/16)[36%27_, — 36(1 — 0)2>_ ]
— (1/16)21_4[1360 — (11/2) — (15/2)6?] — (1/16)z}__[76 — (23/6) — (9/2)6?]
—(1/16)27_[60 — (5/3) — (3/2)0%] + 21 __(1/32)6*
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- (1/32){z1_a [176% — 300 + 13] + 25, [1662 — 200 + (20/3)]
+ 28, [76% = 100 + (10/3)] }

With 6 = 1, this matches the one-sample ¢; and cs, as it should.

APPENDIX E. TYPE I ERROR
As shown above, the type I error when using critical value z, , is
Q= 2(m/n)2u370(zl,a/2)¢(z1,a/2) + 0(m_1 + m2/n2),

where the dominant term e; = a — 2(m/n)?us(21-a/2)9(21-a/2) < o for all reasonably common distribu-
tions, as discussed above.

ApPPENDIX F. TYPE Il ERROR

F.1. With ideal corrected critical value. As in the univariate case, I calculate type II error against
the alternative hypothesis that yields 50% power under the first-order asymptotic distribution; i.e., 0.5 =
P(|Tyn| < z1—aj2) = GCZ@%W/Q) using the same notation as before. For @ = 0.05, C' = £1.96. Using
Za,m, Under this alternative hypothesis,

P(|Tmnl < zam) = P(Ton < zam) — P(Tonn < —Zam)
=P (24, + C)
+ ¢(2am + O) [n’l/Qum(zmm +C) +m  ug (zam + C)

o+ (mfn)us (2o + C)| + o(m™ + (m/n)?)
— O(—z4m + C)
— (—zam + C) [nilﬂum(—za,m +C) +m M ug (= 2am + O)

(/) (~Zam + C) | + o(m™" + (m/n)?).

I can write O(n~'/2) for the n~'/2 terms since they do not depend on m, and thus they will not affect
the optimization problem to select m.

If the alternatives +C' and —C' each have 0.5 probability, the average power can be calculated. Noticing
that ¢(—z) = ¢(x), this would yield

1
P(|Tnl < zam) = E{CI)(ZO,M +C) = (—2am +C) + P(2am — C) — P(—24,m — C)

+ ¢(zam + C) [m‘l(ugﬁ(zmm +C) —ug(—2am — C))
+ (m/n)Q(u&v(zmm + C) - u3n/(_Za,m - C))}
+ Ozam — C) | (U2 (e = C) =tz (~2am + )

2

m
+ F(ugﬂ(za,m —C) —ug(—2am + C’))}
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(19) +0n Y2 +o(m ™ + (m/n)Q)},

noting that wherever C' enters any of the u; , functions as —C, as in ug ,(—2a,m — C), likewise the v in the

definition of w; - is negative, specifically —C'\/p(1 — p)/f(&,) as given before.
For the first-order terms,

O (24m+C) — P(—zam + C)
= O(C + z1_ay2 + m~ ' [4Sy]~! [(gi + gi)Zf_a/z - 29295217(1/2})
- ®(C — Zl—a/2 — m_1[4S§]_1 [(gi + 93)25’_&/2 - 2932;9521—04/2})
= O(C + 21-a/2)
+ (2102 + OYm™HASG) T (02 + 05)2)_ajo — 2029521 -as2) + O(m™?)
— O(C — z1-a/2)
— &(C — 21ap) (=1)m ™ AS] ™ (92 + 9,)2)_aje — 2020571 -ay2) + O(m™?)
= [®(21-0/2+ C) — ®(=21-a/2 + O)]
+m 4S5 [(9?2 + 93)2:13704/2 - 2992;9521—(1/2} (p(21-a/2 + C) + &(C = 21-4/2))
= 0.5+m 4S5] 7 [(gz + 971 _aja — 2029571—as2) [0(21-aj2 + C) + ¢(C — 21_0/2)]
= 0.5+ 3m " [02] o — (1= 0)z1_a2] [#(21-a/2 + C) + ¢(21-a/2 — O))]

since above C' was chosen to solve 0.5 = ®(21_q/2 + C) — ®(—21_4/2 + C). Since ®(z) = 1 — ®(—x), then
P(24C)—P(—2+C)=1-P(—2-C)—(1=-D(z-0C))=P(z - C) = P(—2—C), so

D(24m—C) — ®(—2am — C) = P(2am + C) — ®(—24.m + C)
=05+ imfl [92?704/2 — (1 — 9)21_(!/2} [¢(Z1—a/2 + C) -+ ¢(21_a/2 — C)]

Within the m™! and (m/n)? terms, anything o(1) will end up in the remainder (not in er;). So for the
corrected Za,m7 Za,m = Zlfa/2 + O(m_1>7 Zi,m = foa/Q + O(m_1)7 and ¢<2a,m + O) = ¢(Zlfa/2 + C) +
¢ (2102 +C)O(M™Y) + ... = @(21-0s2 + C) + O(m™H).

For the m™" terms, since ¢(z) = ¢(—x) and C = vf(&,)//p(1 — p), and letting dy = 2+ C, dy = 2 — C,
and again 0 = Sy (fx* + £+,

U (di) — Uz (—d1) = 2ug4(dr),
Upn(dh) = =20(z+C)P+ 3(1-0)(z+ C) — (1 - 9)C

+102C(z+ C)* = C*(z+ C))
=10+ C)(—(z+C)+2C(2+C)-C*+1i(1-0)(z+C - C)
=10(z+C)[-2"—202 - C*+20242C* - C*|+ L (1-0)=
— 100+ C)(=) + L1 - 0)-,
Ug(—do) = i@( 2+ 0P +11-0(-2+0C)—i(1-0)C

_l’_
N

>
A

( 2+ C)P —C*(—2+0))
O)=(—2+C)P+20(-2+C) = C* |+ L1 -0)(—2+C - C)
)(—2%) = 3(1 = 0)z,
)22 4+ 1(1—0)z,

N

|
N S LN
/'\ 2 /\
l\z
+ +
Q Q

0(—

>

—Z
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9295 + 949,  9a9y + 99,

Uz (dr) = usy(—di) = T[dl —C — (=d1 — (-0))] 6 2z,
0 0
9:9y + 9y9y 99y + 9y 9y
u3»’Y(d2) o u3,’y(_d2) = Tyy[dg - (—C) — (—dQ — C)] = —652 Y yQZ,
0 0

and thus altogether,
P(|Ton| < zam) = 0.5
+3m H{d(z1mapp + O)02 o0 — (1= 0)21-02
—0(z1-a2 + C)27_ojo +2(1 = 0)21_02)]
+ ¢(z1ma2 — O)02 oy — (1 — 0)z1_ap2
+0(—z1—as2 + C’)zf_a/Q +2(1 - 9)21704/2]}

9292 + Gu9y
? 652 =Y Zlfa/2{¢(zlfa/2 + C) + QS(Zlfa/g — C)}
0

+ 0 V%) + o(m™t + m?/n?)
=0.5
+3m H{d(z1map + C)[—0C2_, )5 + (1= 0)21_02)]
+ d(21-as2 — ONOCZ_ o + (1 = 0)z1-ap2]

9295 + 949,
2—652 Lt Z1—a/2{¢(21_a/2 +C) + d(21-a)2 — C)}
0

+ O(n_l/Q) +o(m™ +m?/n?),

+ (m/n)

+(m/n)

where as § — 1 (and either g, — 0 or g, — 0) this approaches the univariate expression. The terms
depending on m are

1M {d(21ma2 + O)=0C2_o )5 + (1= 0)z1—ap2] + d(21-as2 — C)OCZ_o 0 + (1 = 0)21-a/2]

. /x/ + /!
+ (m/n)? {%21_04/2@(21—(%/2 +C) + ¢(21-a2 — C)]}
0

+o(m™' +m?/n?)
= ym~ A} + (m/n)*{B},
and the FOC is
0= —}lm_2{A} +2(m/n?*){B},
myx = v/n*A/(8B)

= {n2{¢(21a/2 + C)[—HCZ%_Q/Q + (1 — 9>Z17a/2]

+ ¢(21-aj2 — ONOCZ 0 + (1 = 0) 2102}

" 4 e
/{8-—_755?2_2Z1_%&[¢(ZL%V2-%(7)%—¢(2Lﬁuz-—(7ﬂ} }

2/3 1/3,-1/3 _1/3 Sg v
=n“"(3/4) 2z, "z
( / ) 1—a/2%1—a/2 (gzgg gyg?;/>

X {{(]5(21_0[/2 —+ C’)[—HCzl_a/g +1-— 0] -+ ¢(21_&/2 — C)[@C,Zl_a/g +1—- 9]}
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1/3
/ [Qb(Zl,a/Q + C) + ¢(Zlfa/2 - C)] }

e 1/3
- ()
gl‘gaj gygy

1/3
X {1 — 0+ (9021—&/2¢(217a/2 —C) = 9(z1ap+0) }

¢(Zl—a/2 - C) + ¢(Zl—a/2 + C)
_ n2/3(3/4)1/3 ( 5(2) )1/3

9295 + 949y
1/3
o 29;%95 " gy + 9;1 P(z1-aj2 — C) = ¢(21-a2 + C)
So Ss P(z1—a/2 — C) + ¢(21-a2 + O) ‘

There are a few options now for the unknown ¢: Gaussian plug-in, estimate from data, shrinking an
estimate from the data toward the Gaussian value, or some combination thereof.

F.2. With univariate corrected critical value (conservative type I error). This subsection is the

same as but with the univariate z,,,. The general expression is the same starting point.
For the first-order terms, it’s the same as the univariate case,

P (20m+C) — P(—zam + C) = P(zam — C) — P(—24m — C)

1
— 05 + mflzz%,a/z[éb(zl—aﬂ + C) + (b(C - Zl—a/2)]'

Within the m~" and (m/n)? terms, anything o(1) will end up in the remainder (not in e;;). Since only
the z1_q/9 part of z,,, remains, these terms are the same as in Section . Altogether,

P(|Tmn| < zam) =0.5
+am T B(z1-as2 + OV ayp = 02102 + O)2f_ayp + 2(1 = 0)21-0/9]
+ (2102 = O)2_ajo + 0(=21-ajo + C)2f_y o +2(1 = 0)21_ay2]}

929 + 9y,
2 652 77y Zlfa/2{¢(zl—a/2 + C) + QS(Zl,a/Q — C)}
0

+ 072 + o(m™t + m?/n?)
=05
+3m 2 app{d(z1mas2 + O)(1 = 0)(21_y 2 +2) — 0C21_a)o)]
+ &(21-as2 = O)(1 = 0)(2]_ajo +2) +6C21_ap]}

9292 + 949,
2 652 g yzl—a/2{¢(21—a/2 —+ C) -+ ¢(21_a/2 — C)}
0

+ 0 Y2 4+ o(m™' 4+ m?/n?)
= Im7 2 oA+ (m/n)? 2102 B + 1/2 4+ O(n %) + o(m™" + m?/n?).
To find the m that minimizes the type II error, the FOC is
0= —im’QA + 2mn B,

my = /An2/(8B) = n**{/A/(8B)
52 1/3
— n2/3(3/4)1/3 < 0 )

9295 + 949y

+ (m/n)

+(m/n)
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« {{¢(zla/2 £ O) (1= 0) (22 jp +2) — 0C 0o
+0(z1-a2 = ON(1 = 0)(21_ajp +2) +0Cz1_0p]}

1/3
/ [0(z1-ap2 + C) + ¢(21-a/2 — O)] }

_ n2/3(3/4)1/3 < Sg )1/3

9297 + 9y 9y

(21-as2 — C) — ¢(21-a/2 + C) v
P(21—a/2 — C) + ¢(21-as2 + O)

X {(1 — 9)(2%—04/2 + 2) + 9021704/2

_ n2/3(3/4)1/3 ( S(% )1/3

9295 + 99y

1/3
29295 9 9a + 9y P(21-a/2 — C) — ¢(21-as2 + O)

X —= (20 o +2)+ 22, .
{ s1 Fiep T2 T P ¢(21-a2 — C) + ¢(21-as2 + C)

Again, estimates from the data, assumptions, or both can be plugged into this expression to calculate
m.
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